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2[Gravitational Lensing] [Cosmic web]

[Cosmic microwave background]

[Supernova]

A plethora of cosmological observations 

https://www.nasa.gov/missions/webb/nasas-webb-stuns-with-new-high-definition-look-at-exploded-star/
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The standard cosmological model…

3
…13.8 billion years of cosmic history
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We don’t understand the basics of our Universe

Dark Energy

Dark Matter

Ordinary Matter

Why the Universe 
expands ever faster?

What holds 
galaxies together?

Is Einstein gravity valid 
at cosmological scales?
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Gravitational waves are new cosmic messengers



6[First detection, GW150914]

Gravitational waves from stellar-mass binary black holes
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https://www.ligo.org/science/Publication-GW150914CBC/index.php


[credit Chandra]

Stellar evolution

How, when, where?

https://chandra.harvard.edu/graphics/xray_sources/stellar_fate_type1a_label.jpg


Gravitational Wave horizons
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*stellar mass  
binary black holes



Gravitational Wave horizons
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Gravitational Wave horizons
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The plan 
0. Motivation: gravity, astrophysics, cosmology

1. A crash-course on gravitational waves 
linearized Einstein’s equations, quadrupole formula, compact binary  
coalescences

2. The new era of gravitational-wave astronomy  
detectors, matched-filtering, data analysis, current observations, next 
generation detectors

3. Standard siren cosmology 
bright, dark and spectral sirens, status and future prospects

4. Gravitational wave lensing 
lensing regimes (geometric/wave optics), current search efforts, 
science case
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The plan - warm up
• Please, raise your hand if…

• You are in the first year of your PhD

• In your second year?

• You have studied before a course with “gravitational waves” 
in the title

• You have published a paper with the words “gravitational 
waves” written somewhere

• In the title?

• You have already seen the monkeys in the hotel :)
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The plan - practicalities
• Please ask questions! (during and after the lectures)

• The goal of these lectures is to give an overview of gravitational 
wave astronomy and its application to cosmology 

• I will avoid technical derivations. Focus on compact binaries 
• There are many slides. No need to cover them all! 

• Detailed derivations can be found in my lecture notes: 
ezquiaga.github.io/lectures/Lecture_Notes 

• Also references to seminal papers and books

• The slides contain references [in brackets]                           
with links to papers/sources 

• QR code linking to the slides

• Remember, please ask questions!  
(during and after the lectures)

http://ezquiaga.github.io/lectures/Lecture_Notes


1. A crash-course on 
gravitational waves
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Gravitational waves in flat space

• Perturbations around Minkowski

<latexit sha1_base64="WqOF+XAyj/TvB6wqpMNEIXJ5Wlc=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpQZKSq4KbhxWcE+oDMMmTTThiaZIckUy7Tgxl9x40IRt/6EO//G9LHQ6oELh3Pu5d57woRRpR3ny8otLa+sruXXCxubW9s79u5eQ8WpxKSOYxbLVogUYVSQuqaakVYiCeIhI82wfz3xmwMiFY3FnR4mxOeoK2hEMdJGCuyDUS/IPJ56Ih2X9Kk3IBjen4w8xtzALjplZwr4l7hzUqyCGWqB/el1YpxyIjRmSKm26yTaz5DUFDMyLnipIgnCfdQlbUMF4kT52fSHMTw2SgdGsTQlNJyqPycyxJUa8tB0cqR7atGbiP957VRHl35GRZJqIvBsUZQyqGM4CQR2qCRYs6EhCEtqboW4hyTC2sRWMCG4iy//JY2zsntertxWitWreRx5cAiOQAm44AJUwQ2ogTrA4AE8gRfwaj1az9ab9T5rzVnzmX3wC9bHN+Acl60=</latexit>

|hµ⌫(t, ~x)| ⌧ 1

<latexit sha1_base64="RUEe9zjhDsWKERLMSclLFddFeVo=">AAACIHicbVDLSgMxFM3UV62vqks3wSJUlDIjRQURCm5cVrAqdErJpLdtaCYzJHfEMvRT3Pgrblwoojv9GtMHotUDgcM553JzTxBLYdB1P5zMzOzc/EJ2Mbe0vLK6ll/fuDJRojnUeCQjfRMwA1IoqKFACTexBhYGEq6D3tnQv74FbUSkLrEfQyNkHSXagjO0UjN/1Gmmfpj4KhkUcd+/BU7vdk99QPat73X/iTTzBbfkjkD/Em9CChUyRrWZf/dbEU9CUMglM6buuTE2UqZRcAmDnJ8YiBnvsQ7ULVUsBNNIRwcO6I5VWrQdafsU0pH6cyJloTH9MLDJkGHXTHtD8T+vnmD7uJEKFScIio8XtRNJMaLDtmhLaOAo+5YwroX9K+VdphlH22nOluBNn/yXXB2UvMNS+aJcqJxM6siSLbJNisQjR6RCzkmV1Agn9+SRPJMX58F5cl6dt3E040xmNskvOJ9fN4ujog==</latexit>

gµ⌫(t, ~x) = ⌘µ⌫ + hµ⌫(t, ~x)

• Gravitational wave propagation

<latexit sha1_base64="crezLZyQiw4sh6EbXkdkFxKZi5s="></latexit>

⇤hµ⌫ = �16⇡G

✓
Tµ⌫ � 1

2
⌘µ⌫T

◆

• Einstein field equations 
<latexit sha1_base64="53kkOxmHYsGt0Qqip8OQiLTAko0=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR3FiSWrQgQsGFLmvpDZpQJtNJO3QyCTMToYQ8iBtfxY0LRdy4EHwbpxeKtv4w8POdczhzfi9iVCrL+jYyK6tr6xvZzdzW9s7unrl/0JRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7wZ11sPREga8roaRcQNUJ9Tn2KkNOqa57Vu4gSxw+P0zPEFwomdJsW0P6e167ITUXgL63PUNfNWwZoILht7ZvIVMFW1a346vRDHAeEKMyRlx7Yi5SZIKIoZSXNOLEmE8BD1SUdbjgIi3WRyXApPNOlBPxT6cQUn9PdEggIpR4GnOwOkBnKxNob/1Tqx8stuQnkUK8LxdJEfM6hCOE4K9qggWLGRNggLqv8K8QDpiJTOM6dDsBdPXjbNYsG+KJTuS/nK1SyOLDgCx+AU2OASVMAdqIIGwOARPINX8GY8GS/Gu/Exbc0Ys5lD8EfG1w/GIKJv</latexit>

Rµ⌫ � 1

2
gµ⌫R = 8⇡GTµ⌫
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Gravitational wave properties

⇤hµ⌫ = 0
<latexit sha1_base64="sGVad5dBAMXbJWuLgtfr7mwGUOk=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQKCiIU3bisYB/QhDCZTtuhk5kwD7XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89ccqo0p737Swtr6yurRc2iptb2zu7bmmvqYSRmDSwYEK2Y6QIo5w0NNWMtFNJUBIz0oqH1xO/dU+kooLf6VFKwgT1Oe1RjLSVIrcUXIlHOIiyIDEBN+NLL3LLXsWbAi4SPydlkKMeuV9BV2CTEK4xQ0p1fC/VYYakppiRcTEwiqQID1GfdCzlKCEqzKanj+GRVbqwJ6QtruFU/T2RoUSpURLbzgTpgZr3JuJ/Xsfo3nmYUZ4aTTieLeoZBrWAkxxgl0qCNRtZgrCk9laIB0girG1aRRuCP//yImlWK/5JpXp7Wq5d5HEUwAE4BMfAB2egBm5AHTQABg/gGbyCN+fJeXHenY9Z65KTz+yDP3A+fwC4F5Og</latexit>

• Wave equation in vacuum

• Wave ansatz 
<latexit sha1_base64="IGW63gaXXUOLTXxMrxSMDeFWpqQ=">AAACKnicbVDLSsQwFE19O75GXbopDoJuhlZEBRFG3LhUcVSY1iHN3E7DJGlJbsWh9Hvc+CtuXCji1g8x81j4OhA4OedeknOiTHCDnvfuTExOTc/Mzs1XFhaXlleqq2vXJs01gyZLRapvI2pAcAVN5CjgNtNAZSTgJuqdDvybe9CGp+oK+xmEknYVjzmjaKV29SRpF4HMA5WX2w87x4GkmGhZXEIZCIixdfLdhruCB5gAUnspA827CYbtas2re0O4f4k/JrUGGeG8XX0JOinLJShkghrT8r0Mw4Jq5ExAWQlyAxllPdqFlqWKSjBhMYxaultW6bhxqu1R6A7V7xsFlcb0ZWQnB1HMb28g/ue1cowPw4KrLEdQbPRQnAsXU3fQm9vhGhiKviWUaW7/6rKEasrQtluxJfi/I/8l17t1f7++d7FXaxyN65gjG2STbBOfHJAGOSPnpEkYeSTP5JW8OU/Oi/PufIxGJ5zxzjr5AefzC9VWqMM=</latexit>

hµ⌫(x) = Re
h
Aµ⌫(x)e

i✓(x)
i

<latexit sha1_base64="fpCC+6e38smahUztTXlr2sdojkE=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9iVoIKXgBePEcwDskuYnXSSIbMPZ3oDIeTmxV/x4kERr/6CN//G2U0OmljQUFR1z3SXH0uh0ba/rdzK6tr6Rn6zsLW9s7tX3D9o6ChRHOo8kpFq+UyDFCHUUaCEVqyABb6Epj+8Sf3mCJQWUXiP4xi8gPVD0ROcoZE6xeNhxw0SFx4SMaJuzBQKJjMJB4CsUyzZZTsDXSbOnJSqZIZap/jldiOeBBAil0zrtmPH6E3Sd7mEacFNNMSMD1kf2oaGLADtTbI7pvTUKF3ai5SpEGmm/p6YsEDrceCbzoDhQC96qfif106wd+VNRBgnCCGffdRLJMWIpqHQrlDAUY4NYVwJsyvlA6YYRxNdwYTgLJ68TBrnZeeiXLmrlKrX8zjy5IickDPikEtSJbekRuqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPxpcmh8=</latexit>

kµ ⌘ @µ✓
<latexit sha1_base64="649xL5epMBivPSnM7DsiUNG29zU=">AAACDHicbVDJSgNBFOyJW4xb1KOXxiB4CjMSVPCS4MVjBLNAZgg9nZekSU/P2EsgDPkAL/6KFw+KePUDvPk3dhZBEwsaiqp6vH4VJpwp7bpfTmZldW19I7uZ29re2d3L7x/UVWwkhRqNeSybIVHAmYCaZppDM5FAopBDIxxcT/zGEKRisbjTowSCiPQE6zJKtJXa+UKlnfqR8YUZ+3Bv2BBXfEgU49b8MWzKLbpT4GXizUmhjGaotvOffiemJgKhKSdKtTw30UFKpGaUwzjnGwUJoQPSg5algkSggnR6zBifWKWDu7G0T2g8VX9PpCRSahSFNhkR3VeL3kT8z2sZ3b0MUiYSo0HQ2aKu4VjHeNIM7jAJVPORJYRKZv+KaZ9IQrXtL2dL8BZPXib1s6J3Xizdlgrlq3kdWXSEjtEp8tAFKqMbVEU1RNEDekIv6NV5dJ6dN+d9Fs0485lD9AfOxzdMJpxx</latexit>

Aµ⌫ ⌘ A✏µ⌫

• Highly oscillatory phase:
<latexit sha1_base64="udcX7HEFol1150XZprdhWDGWc54=">AAACBHicbZC7SgNBFIZn4y3GW9QyzWIQrOKuBBVsAjaWEcwFskuYnZxNhsxemDkbCEsKG1/FxkIRWx/CzrdxNptCEw8MfPz/OZw5vxcLrtCyvo3C2vrG5lZxu7Szu7d/UD48aqsokQxaLBKR7HpUgeAhtJCjgG4sgQaegI43vs38zgSk4lH4gNMY3IAOQ+5zRlFL/XLFwREgdTDK4dyZUAmx4iJzq1bNmpe5CvYCqg2SV7Nf/nIGEUsCCJEJqlTPtmJ0UyqRMwGzkpMoiCkb0yH0NIY0AOWm8yNm5qlWBqYfSf1CNOfq74mUBkpNA093BhRHatnLxP+8XoL+tZvyME4QQpYv8hNhYmRmiZgDLoGhmGqgTHL9V5ONqKQMdW4lHYK9fPIqtC9q9mWtfl+vNm4WcRRJhZyQM2KTK9Igd6RJWoSRR/JMXsmb8WS8GO/GR95aMBYzx+RPGZ8/5ruY7A==</latexit>

✓ ! ✓/"

• Leading order: gravitational wave follow null geodesics 
<latexit sha1_base64="9XJkUxK5ET1h5aK377B0sIQ50zM=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmpKggQsGNywr2Ap1xyKSZNjTJDLkIZSi48VXcuFDErS/hzrcxvSy09UDCx/+fQ3L+OGNUac/7dgpLyyura8X10sbm1vaOu7vXVKmRmDRwylLZjpEijArS0FQz0s4kQTxmpBUPrsd+64FIRVNxp4cZCTnqCZpQjLSVIvcgIBpFecBNIMxocG8B2luYKy9yy17FmxRcBH8G5RqYVj1yv4Juig0nQmOGlOr4XqbDHElNMSOjUmAUyRAeoB7pWBSIExXmkx1G8NgqXZik0h6h4UT9PZEjrtSQx7aTI91X895Y/M/rGJ1chDkVmdFE4OlDiWFQp3AcCOxSSbBmQwsIS2r/CnEfSYS1ja1kQ/DnV16E5mnFP6tUb6vl2uUsjiI4BEfgBPjgHNTADaiDBsDgETyDV/DmPDkvzrvzMW0tOLOZffCnnM8fUyOX9w==</latexit>

⌘µ⌫k
µk⌫ = 0

• Next to Leading order: gravitons conserved + parallel transport 
<latexit sha1_base64="0QBDRY0HYYr7NtZGwyDgQxFWGn4=">AAAB/3icbZDLSgMxFIYzXmu9jQpu3ASLUDdlphQVRKi4cVnBXqAzHTJppg1NMkOSEcrYha/ixoUibn0Nd76N6WWhrT8EPv5zDufkDxNGlXacb2tpeWV1bT23kd/c2t7Ztff2GypOJSZ1HLNYtkKkCKOC1DXVjLQSSRAPGWmGg5txvflApKKxuNfDhPgc9QSNKEbaWIF96AkUMtTxeFq87pQHgYHTKyewC07JmQgugjuDQhVMVQvsL68b45QToTFDSrVdJ9F+hqSmmJFR3ksVSRAeoB5pGxSIE+Vnk/tH8MQ4XRjF0jyh4cT9PZEhrtSQh6aTI91X87Wx+V+tnerows+oSFJNBJ4uilIGdQzHYcAulQRrNjSAsKTmVoj7SCKsTWR5E4I7/+VFaJRL7lmpclcpVC9nceTAETgGReCCc1AFt6AG6gCDR/AMXsGb9WS9WO/Wx7R1yZrNHIA/sj5/ANBilVY=</latexit>

rµ(A2kµ) = 0
<latexit sha1_base64="rqSLhR0+GMOLJ4nIz7t/go4tDAo=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIpKohQcOOygn1AE8PNdNoOnUzCPIQS+gtu/BU3LhRx686df+O0zUJbD1w4c869zL0nShmVynW/rcLK6tr6RnGztLW9s7tn7x+0ZKIFJk2csER0IpCEUU6aiipGOqkgEEeMtKPR9dRvPxAhacLv1DglQQwDTvsUgzJSaFdG9z6wdAg+h4hBmD9IKikzfubH2ud6cuWGdtmtujM4y8TLSbmO5miE9pffS7COCVeYgZRdz01VkIFQFDMyKflakhTwCAakayiHmMggm100cU6M0nP6iTDFlTNTf09kEEs5jiPTGYMaykVvKv7ndbXqXwQZ5alWhOP5R33NHJU403icHhUEKzY2BLCgZlcHD0EAVibEkgnBWzx5mbROq95ZtXZbK9cv8ziK6Agdowry0DmqoxvUQE2E0SN6Rq/ozXqyXqx362PeWrDymUP0B9bnD+rCnlo=</latexit>

k↵r↵✏µ⌫ = 0



• Counting degrees of freedom:
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Gravitational wave polarizations

Symmetric 4D tensor                :  10<latexit sha1_base64="APy03rU6+NgBZi6ZKR2S9FmUv2M=">AAACDHicbVDLSsNAFL2pr1pfVZduBovgqiQiKohQcOOygn1AE8pkOmmHTiZhHkIJ+QA3/oobF4q49QPc+TdOH4vaemDgcM653LknTDlT2nV/nMLK6tr6RnGztLW9s7tX3j9oqsRIQhsk4Ylsh1hRzgRtaKY5baeS4jjktBUOb8d+65FKxRLxoEcpDWLcFyxiBGsrdcsVn6aKcUszPza+MPnNnCKMFXObcqvuBGiZeDNSqcEU9W752+8lxMRUaMKxUh3PTXWQYakZ4TQv+UbRFJMh7tOOpQLHVAXZ5JgcnVilh6JE2ic0mqjzExmOlRrFoU3GWA/UojcW//M6RkdXQcZEajQVZLooMhzpBI2bQT0mKdF8ZAkmktm/IjLAEhNt+yvZErzFk5dJ86zqXVTP788rtetZHUU4gmM4BQ8uoQZ3UIcGEHiCF3iDd+fZeXU+nM9ptODMZg7hD5yvX/fdnNw=</latexit>✏µ⌫ = ✏⌫µ

Lorenz gauge                 :  10 - 4 = 6
<latexit sha1_base64="dyBWevHaces3bPod4jtJnG6yl6I=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJUZKSqIUHDjsoJ9QGccMmmmDU0yQx5CGWbjr7hxoYhbP8Odf2P6WGjrgcs9nHMvyT1xxqjSnvftLC2vrK6tlzbKm1vbO7vu3n5LpUZi0sQpS2UnRoowKkhTU81IJ5ME8ZiRdjy8GfvtRyIVTcW9HmUk5KgvaEIx0laK3MNAoJihh4AbOIhy2wJhimsvcite1ZsALhJ/Rip1MEUjcr+CXooNJ0JjhpTq+l6mwxxJTTEjRTkwimQID1GfdC0ViBMV5pMDCnhilR5MUmlLaDhRf2/kiCs14rGd5EgP1Lw3Fv/zukYnl2FORWY0EXj6UGIY1CkcpwF7VBKs2cgShCW1f4V4gCTC2mZWtiH48ycvktZZ1T+v1u5qlfrVLI4SOALH4BT44ALUwS1ogCbAoADP4BW8OU/Oi/PufExHl5zZzgH4A+fzB9JqlpI=</latexit>

rµhµ⌫ = 0

Residual gauge                 :  10 - 4 - 4 = 2<latexit sha1_base64="31nGXfXpjjkqaD+dny+cYt3Do/g=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4KrMiKggQsGNywr2Ap2hZNJMG5pkhiSjlLGP4saFIm59Ene+jelloa0/BD7+cw7n5I9SzrTxvG+nsLK6tr5R3Cxtbe/s7rnl/aZOMkVogyQ8Ue0Ia8qZpA3DDKftVFEsIk5b0fBmUm89UKVZIu/NKKWhwH3JYkawsVbXLQc01YxbzL1AZONrr+tWvKo3FVoGfw6VGsxU77pfQS8hmaDSEI617vheasIcK8MIp+NSkGmaYjLEfdqxKLGgOsynp4/RsXV6KE6UfdKgqft7IsdC65GIbKfAZqAXaxPzv1onM/FlmDOZZoZKMlsUZxyZBE1yQD2mKDF8ZAETxeytiAywwsTYtEo2BH/xy8vQPK3659Wzu7NK7WoeRxEO4QhOwIcLqMEt1KEBBB7hGV7hzXlyXpx352PWWnDmMwfwR87nD20jlB8=</latexit>

✏0µ = 0

• Polarization decomposition:
<latexit sha1_base64="OMUK9hswatdb1iAq47tYATHGzFc="></latexit>

✏µ⌫(x) = ✏+(x)✏̂
+
µ⌫ + ✏⇥(x)✏̂

⇥
µ⌫

<latexit sha1_base64="b+V/3atGwMVFCnpdqIbJBEtJGt8="></latexit>

✏µ⌫ =

0

BB@

0 0 0 0
0 ✏+ ✏⇥ 0
0 ✏⇥ �✏+ 0
0 0 0 0

1

CCA
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Gravitational Wave Polarizations

! t = 0, ⇡ ! t = ⇡/2 ! t = 3⇡/2

x

y

Tensor +

x

y

Tensor ⇥
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Gravitational waves in curved space

gµ⌫ = gBµ⌫ + hµ⌫
<latexit sha1_base64="zNnAEvL5eyvV56fSotbwUsnGtYk=">AAACEnicbZDLSgMxFIYzXmu9VV26GSyCIpSZKiiIUHTjsoK9QKcOmTSdhiaZITkjlqHP4MZXceNCEbeu3Pk2pheKtv4Q+PjPOZycP4g50+A439bc/MLi0nJmJbu6tr6xmdvaruooUYRWSMQjVQ+wppxJWgEGnNZjRbEIOK0F3atBvXZPlWaRvIVeTJsCh5K1GcFgLD93GPqpJxJPJv2L8M4D+gDpZX/iHXUm6OfyTsEZyp4Fdwx5NFbZz315rYgkgkogHGvdcJ0YmilWwAin/ayXaBpj0sUhbRiUWFDdTIcn9e1947TsdqTMk2AP3d8TKRZa90RgOgWGjp6uDcz/ao0E2mfNlMk4ASrJaFE74TZE9iAfu8UUJcB7BjBRzPzVJh2sMAGTYtaE4E6fPAvVYsE9LhRvTvKl83EcGbSL9tABctEpKqFrVEYVRNAjekav6M16sl6sd+tj1DpnjWd20B9Znz9Ec58V</latexit>

• Perturbations around curved background

�gw ⌧ LB ⇠ |RB
↵��⇢|�1/2

<latexit sha1_base64="hoQ68MZ/qDLCx2g9TKw7NKB5x0Q="></latexit>

• Definition is not unique, short-wave approx.

• We can fix the transverse-traceless gauge in vacuum rµhµ⌫ = h = 0
<latexit sha1_base64="5YBDtp+XBdDp1fK2c+350TzLz1M=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsxUQUEKBTcuK9gHdMYhk2Y6oUlmSDJCGYobf8WNC0Xc+hXu/BvTdhbaeuByD+fcS3JPmDKqtON8W0vLK6tr66WN8ubW9s6uvbffVkkmMWnhhCWyGyJFGBWkpalmpJtKgnjISCccXk/8zgORiibiTo9S4nM0EDSiGGkjBfahJ1DI0L3HMxgHuWmeyMb1uO4EdsWpOlPAReIWpAIKNAP7y+snOONEaMyQUj3XSbWfI6kpZmRc9jJFUoSHaEB6hgrEifLz6QljeGKUPowSaUpoOFV/b+SIKzXioZnkSMdq3puI/3m9TEeXfk5Fmmki8OyhKGNQJ3CSB+xTSbBmI0MQltT8FeIYSYS1Sa1sQnDnT14k7VrVPavWbs8rjasijhI4AsfgFLjgAjTADWiCFsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucP0HiXBg==</latexit>

New interactions! @gBµ⌫
<latexit sha1_base64="/0lZ36rRqbSOwETJTQM+D3zlduM=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSRVUPBS9OKxgv2AJpbNdtsu3WzC7kQsoRcv/hUvHhTx6n/w5r9x0+agrQ8GHu/NMDMviAXX4Djf1sLi0vLKamGtuL6xubVt7+w2dJQoyuo0EpFqBUQzwSWrAwfBWrFiJAwEawbDq8xv3jOleSRvYRQzPyR9yXucEjBSxz7wYqKAE4H7dx6wB8CXuJN6YeLJZNyxS07ZmQDPEzcnJZSj1rG/vG5Ek5BJoIJo3XadGPw020AFGxe9RLOY0CHps7ahkoRM++nkizE+MkoX9yJlSgKeqL8nUhJqPQoD0xkSGOhZLxP/89oJ9M79lMs4ASbpdFEvERginEWCu1wxCmJkCKGKm1sxHRBFKJjgiiYEd/bledKolN2TcuXmtFS9yOMooH10iI6Ri85QFV2jGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBBYphl</latexit>

@@gBµ⌫
<latexit sha1_base64="fId57/F1WD7MsN+aIgywzPkg0hM=">AAACDnicbZDLSsNAFIYn9VbrrerSzWApuCpJFRTcFN24rGAv0NQwmU7aoZNJmDkRS+gTuPFV3LhQxK1rd76N0zaItv4w8PGfczhzfj8WXINtf1m5peWV1bX8emFjc2t7p7i719RRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlDy8n9dYdU5pH8gZGMeuGpC95wCkBY3nFshsTBZwI/AP9WxfYPeAL7KVumLgyGXvFkl2xp8KL4GRQQpnqXvHT7UU0CZkEKojWHceOoZtONlDBxgU30SwmdEj6rGNQkpDpbjo9Z4zLxunhIFLmScBT9/dESkKtR6FvOkMCAz1fm5j/1ToJBGfdlMs4ASbpbFGQCAwRnmSDe1wxCmJkgFDFzV8xHRBFKJgECyYEZ/7kRWhWK85xpXp9UqqdZ3Hk0QE6REfIQaeohq5QHTUQRQ/oCb2gV+vRerberPdZa87KZvbRH1kf3ypdnCg=</latexit>

• Wave equation

⇤hµ⌫ + 2RB
µ↵⌫�h

↵� = 0
<latexit sha1_base64="kDQwg5AGVc0nlQodJlxe2ACOIIo="></latexit>
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Gravitational waves in cosmology

• Perturbations around homogeneous and isotropic backgrounds

gµ⌫ = gFLRWµ⌫ + hµ⌫
<latexit sha1_base64="1xPAPzvW5HnHpdD0nlPzohoXdmY=">AAACFXicbZDLSsNAFIYnXmu9VV26CRZBUEpSBQURCoK4cFHFXqCpYTKdtkMnkzBzIpaQl3Djq7hxoYhbwZ1v47QNRVt/GPj4zzmcOb8XcqbAsr6Nmdm5+YXFzFJ2eWV1bT23sVlVQSQJrZCAB7LuYUU5E7QCDDith5Ji3+O05vXOB/XaPZWKBeIW+iFt+rgjWJsRDNpycwcdN3b8yBFRcta5c4A+QHxxdVNLxvZ+d4xuLm8VrKHMabBTyKNUZTf35bQCEvlUAOFYqYZthdCMsQRGOE2yTqRoiEkPd2hDo8A+Vc14eFVi7mqnZbYDqZ8Ac+j+noixr1Tf93Snj6GrJmsD879aI4L2STNmIoyACjJa1I64CYE5iMhsMUkJ8L4GTCTTfzVJF0tMQAeZ1SHYkydPQ7VYsA8LxeujfOk0jSODttEO2kM2OkYldInKqIIIekTP6BW9GU/Gi/FufIxaZ4x0Zgv9kfH5A1uooCw=</latexit>

• GWs unambiguously defined + scalar-vector-tensor decomposition

• Wave equation in vacuum

⇤FLRWhij + 2RFLRW
ijkl hjl = 0

<latexit sha1_base64="NafCkatlQD7uC0L/ucT4/XnzESU=">AAACHnicbZDJSgNBEIZ74hbjFvXopTEIghBmoqIgQlAQDx5iMAtko6fTSTrpWeiukYRhnsSLr+LFgyKCJ30bO8shJv7Q8PNVFdX1277gCkzzx4gtLC4tr8RXE2vrG5tbye2dovICSVmBesKTZZsoJrjLCsBBsLIvGXFswUp273pYLz0yqbjnPsDAZzWHtF3e4pSARo3kafXK69erwPoQ3tzlSxHuNELejY4y+Wk6ZD0RdephV0SXZiOZMtPmSHjeWBOTQhPlGsmvatOjgcNcoIIoVbFMH2ohkcCpYFGiGijmE9ojbVbR1iUOU7VwdF6EDzRp4pYn9XMBj+j0REgcpQaOrTsdAh01WxvC/2qVAFrntZC7fgDMpeNFrUBg8PAwK9zkklEQA20IlVz/FdMOkYSCTjShQ7BmT543xUzaOk5n7k9S2YtJHHG0h/bRIbLQGcqiW5RDBUTRE3pBb+jdeDZejQ/jc9waMyYzu+iPjO9fBmejBg==</latexit>

h00
ij + 2Hh0

ij +r
2hij = 0

<latexit sha1_base64="oikS5vjNR2thqKsdzUCM81NDhFU=">AAACFnicbVDLSsNAFJ3UV62vqks3wSIVxJJEQUGEgpsuK9gHtLXcTKfN2MkkzEyEEvIVbvwVNy4UcSvu/BunaRZaPTBw5px7ufceN2RUKsv6MnILi0vLK/nVwtr6xuZWcXunKYNIYNLAAQtE2wVJGOWkoahipB0KAr7LSMsdX0391j0Rkgb8Rk1C0vNhxOmQYlBa6hePvXK5H9O75Mjp+qA8DCyuJV6mdTm4DG4dL/1eWv1iyapYKcy/xM5ICWWo94uf3UGAI59whRlI2bGtUPViEIpiRpJCN5IkBDyGEeloysEnshenZyXmgVYG5jAQ+nFlpurPjhh8KSe+qyunq8t5byr+53UiNTzvxZSHkSIczwYNI2aqwJxmZA6oIFixiSaABdW7mtgDAVjpJAs6BHv+5L+k6VTsk4pzfVqqXmRx5NEe2keHyEZnqIpqqI4aCKMH9IRe0KvxaDwbb8b7rDRnZD276BeMj290jJ7q</latexit>

hij(⌘,x) '
1

a(⌘)
hflat
ij (⌘,x)

<latexit sha1_base64="inKd9gFguz9jgQhpN7dTYjuSZro="></latexit>
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Gravitational wave generation
• Different regimes 

Near Zone

Far Zone

• Rewriting the field equations: 

<latexit sha1_base64="SwZcaaJ/1jQgls+2R0/8VKvm2Ik=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwY0lqUUGEghuXFewDmhAm00k7dDIJ8xBKyIe48VfcuFDEjQvBv3H6QLT1wIUz59zL3HvClFGpHOfLKiwtr6yuFddLG5tb2zv27l5LJlpg0sQJS0QnRJIwyklTUcVIJxUExSEj7XB4Pfbb90RImvA7NUqJH6M+pxHFSBkpsE+9EAk4CDIv1h7XObz69TjxIoFw5uZZNe//qIPALjsVZwK4SNwZKdfBFI3A/vB6CdYx4QozJGXXdVLlZ0goihnJS56WJEV4iPqkayhHMZF+Njkuh0dG6cEoEaa4ghP190SGYilHcWg6Y6QGct4bi/95Xa2iCz+jPNWKcDz9KNIMqgSOk4I9KghWbGQIwoKaXSEeIBOIMnmWTAju/MmLpFWtuGeV2m2tXL+cxVEEB+AQHAMXnIM6uAEN0AQYPIAn8AJerUfr2Xqz3qetBWs2sw/+wPr8BhWAoqw=</latexit>

h̄µ⌫ = hµ⌫ � 1

2
gµ⌫h

<latexit sha1_base64="nCpKRPEGHLwnkxaS1i2IOQedlmA="></latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫ +O(h2) ⌘ �16⇡G⌧µ⌫

• Green’s function solution: 

<latexit sha1_base64="hDddbueO3zJDgyCdHk6o6nTEQD0="></latexit>

h̄µ⌫(t, ~x) = 4G

Z
d3x0 ⌧µ⌫(t� |~x� ~x0|, ~x0)

|~x� ~x0|
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Quadrupole formula
• Far zone solution: expand large distances

• Near zone solution: expand small velocities v/c

• Leading Newtonian limit: match near and far zone solutions 

<latexit sha1_base64="MQ44hvpUAVGfPx3rFd25zZxITq8="></latexit>

hTT
ij (t, ~x) =

2G

c4r

d2QTT
ij (t� r/c)

dt2

Amplitude scales 
inversely with distance 

Gravitational waves 
sourced by accelerated 
quadrupole moment<latexit sha1_base64="TyMR/op6ucs1stwOspD7Jpz7+m8="></latexit>

Qij ⌘
Z

d3x⌧00(x)

✓
xixj � 1

3
r2�ij

◆
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Compact binary coalescence

• Amplitude

hc ⇠
M5/3

c f2/3
gw

r
<latexit sha1_base64="9k4tTQSber9FkKezNHw7caQL1mo=">AAACHnicbVBNS8NAEN34bf2qevSyWARPNWktCl4EL16ECrYKTRo22027uPlgd6KWJb/Ei3/FiwdFBE/6b9zWHLT6YODx3gwz84JUcAW2/WlNTc/Mzs0vLJaWlldW18rrG22VZJKyFk1EIq8CopjgMWsBB8GuUslIFAh2GVyfjPzLGyYVT+ILGKbMi0g/5iGnBIzklxsDn7qKR9gNJaHajQgMKBH4zKdd3dir56HvArsD3b/Nu7pmhFzL3C9X7Ko9Bv5LnIJUUIGmX353ewnNIhYDFUSpjmOn4GkigVPB8pKbKZYSek36rGNoTCKmPD1+L8c7RunhMJGmYsBj9eeEJpFSwygwnaPz1aQ3Ev/zOhmEh57mcZoBi+n3ojATGBI8ygr3uGQUxNAQQiU3t2I6ICYnMImWTAjO5Mt/SbtWderV2vl+5fioiGMBbaFttIscdICO0Slqohai6B49omf0Yj1YT9ar9fbdOmUVM5voF6yPL/CXovs=</latexit>

• Frequency

fgw ⇠ d�/dt
<latexit sha1_base64="dOgzpPUWz5Z6Yf4JAytCulqRSts=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiZVUHBTcOOygn1AE8JkMmmHTh7M3KglFDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1+KrgCy/o2FhaXlldWS2vl9Y3NrW1zZ7elkkxS1qSJSGTHJ4oJHrMmcBCsk0pGIl+wtj+4Kvz2HZOKJ/EtDFPmRqQX85BTAlryzP3Qc4A9QN67HzmKRzhwGn1+EkDZMytW1RoDzxN7SipoioZnfjlBQrOIxUAFUaprWym4OZHAqWCjspMplhI6ID3W1TQmEVNuPn5hhI+0EuAwkbpiwGP190ROIqWGka87IwJ9NesV4n9eN4Pwws15nGbAYjpZFGYCQ4KLPHDAJaMghpoQKrm+FdM+kYSCTq0IwZ59eZ60alX7tFq7OavUL6dxlNABOkTHyEbnqI6uUQM1EUWP6Bm9ojfjyXgx3o2PSeuCMZ3ZQ39gfP4A7SqXFQ==</latexit>

ḟgw ⇠ M5/3
c f11/3

gw
<latexit sha1_base64="Y7hQANn7UeWVGqcLDwm7avat1cQ=">AAACI3icbVDJSgNBEO1xjXGLevQyGARPcSZRFL0EvHgRIpgFMsnQ0+lJmvQsdNeooZl/8eKvePGgBC8e/Bc7C6iJDwoe71VRVc+LOZNgWZ/GwuLS8spqZi27vrG5tZ3b2a3JKBGEVknEI9HwsKSchbQKDDhtxILiwOO07vWvRn79ngrJovAOBjFtBbgbMp8RDFpycxdOJwLlp64D9BFU9yF1JAucAEOPYK5uUpe01elxKfV/OtrKtrXi5vJWwRrDnCf2lOTRFBU3N9TLSBLQEAjHUjZtK4aWwgIY4TTNOomkMSZ93KVNTUMcUNlS4x9T81ArHdOPhK4QzLH6e0LhQMpB4OnO0fFy1huJ/3nNBPzzlmJhnAANyWSRn3ATInMUmNlhghLgA00wEUzfapIeFpiAjjWrQ7BnX54ntWLBLhWKtyf58uU0jgzaRwfoCNnoDJXRNaqgKiLoCb2gN/RuPBuvxtD4mLQuGNOZPfQHxtc3cK6l6A==</latexit>

• At leading order in post-Newtonian expansion 

h+(t) = hc

✓
1 + cos2 ◆

2

◆
cos [�(t)]

<latexit sha1_base64="MuDio/RYmo4rOCa3XTppEx4Mz5c="></latexit>

h⇥(t) = hc cos ◆ sin [�(t)]
<latexit sha1_base64="5fpukdoZL96dpH5WS1zpTFOLLbw=">AAACHnicbVBNSwMxFMz6bf1a9ehlsQgVpOxWRUEEwYvHClYLm2XJptluMJssyVuhFH+JF/+KFw+KCJ7035jWHrR1IDDMzCPvTVIIbsD3v5yp6ZnZufmFxcrS8srqmru+cW1UqSlrUSWUbifEMMElawEHwdqFZiRPBLtJbs8H/s0d04YreQW9gkU56UqeckrASrF7mMUYeM5MDXZPs5jiPUyVwVwBsdRwiQVLIcTNjNsE1rybQVSJ3apf94fwJkkwIlU0QjN2P3BH0TJnEqggxoSBX0DUJxo4Fey+gkvDCkJvSZeFlkpiN4r6w/PuvR2rdLxUafskeEP190Sf5Mb08sQmcwKZGfcG4n9eWEJ6HPW5LEpgkv58lJbCA+UNuvI6XDMKomcJoZrbXT2aEU0o2EYHJQTjJ0+S60Y92K83Lg+qZyejOhbQFtpGNRSgI3SGLlATtRBFD+gJvaBX59F5dt6c95/olDOa2UR/4Hx+A4GXohA=</latexit>

Mc = (m1m2)
3/5/(m1 +m2)

1/5
<latexit sha1_base64="mBLJwwI5c+7rgkvvqY+3M6znavY=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoiO1MqyiIUHDjRqhgH9COQyZN29BkZkgyQhn6FW78FTcuFHEr7vwbM+0stPVC4Nxz7uXmHC9kVCrL+jYyC4tLyyvZ1dza+sbmlrm905BBJDCp44AFouUhSRj1SV1RxUgrFARxj5GmN7xK9OYDEZIG/p0ahcThqO/THsVIaco1jzscqQFGDN64GF7CAndt7pYP7+NK6XRcStqjaW/r3jXzVtGaFJwHdgryIK2aa351ugGOOPEVZkjKtm2FyomRUBQzMs51IklChIeoT9oa+ogT6cQTW2N4oJku7AVCP1/BCft7I0ZcyhH39GRiQs5qCfmf1o5U79yJqR9Givh4eqgXMagCmGQEu1QQrNhIA4QF1X+FeIAEwkonmdMh2LOW50GjXLQrxfLtSb56kcaRBXtgHxSADc5AFVyDGqgDDB7BM3gFb8aT8WK8Gx/T0YyR7uyCP2V8/gD8zJwW</latexit>
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Inspiral - the “chirp”

Time [sec]

h(
t)

f 
[H

z]
  

hc ⇠
M5/3

c f2/3
gw

r
<latexit sha1_base64="9k4tTQSber9FkKezNHw7caQL1mo=">AAACHnicbVBNS8NAEN34bf2qevSyWARPNWktCl4EL16ECrYKTRo22027uPlgd6KWJb/Ei3/FiwdFBE/6b9zWHLT6YODx3gwz84JUcAW2/WlNTc/Mzs0vLJaWlldW18rrG22VZJKyFk1EIq8CopjgMWsBB8GuUslIFAh2GVyfjPzLGyYVT+ILGKbMi0g/5iGnBIzklxsDn7qKR9gNJaHajQgMKBH4zKdd3dir56HvArsD3b/Nu7pmhFzL3C9X7Ko9Bv5LnIJUUIGmX353ewnNIhYDFUSpjmOn4GkigVPB8pKbKZYSek36rGNoTCKmPD1+L8c7RunhMJGmYsBj9eeEJpFSwygwnaPz1aQ3Ev/zOhmEh57mcZoBi+n3ojATGBI8ygr3uGQUxNAQQiU3t2I6ICYnMImWTAjO5Mt/SbtWderV2vl+5fioiGMBbaFttIscdICO0Slqohai6B49omf0Yj1YT9ar9fbdOmUVM5voF6yPL/CXovs=</latexit>

ḟgw ⇠ M5/3
c f11/3

gw
<latexit sha1_base64="Y7hQANn7UeWVGqcLDwm7avat1cQ=">AAACI3icbVDJSgNBEO1xjXGLevQyGARPcSZRFL0EvHgRIpgFMsnQ0+lJmvQsdNeooZl/8eKvePGgBC8e/Bc7C6iJDwoe71VRVc+LOZNgWZ/GwuLS8spqZi27vrG5tZ3b2a3JKBGEVknEI9HwsKSchbQKDDhtxILiwOO07vWvRn79ngrJovAOBjFtBbgbMp8RDFpycxdOJwLlp64D9BFU9yF1JAucAEOPYK5uUpe01elxKfV/OtrKtrXi5vJWwRrDnCf2lOTRFBU3N9TLSBLQEAjHUjZtK4aWwgIY4TTNOomkMSZ93KVNTUMcUNlS4x9T81ArHdOPhK4QzLH6e0LhQMpB4OnO0fFy1huJ/3nNBPzzlmJhnAANyWSRn3ATInMUmNlhghLgA00wEUzfapIeFpiAjjWrQ7BnX54ntWLBLhWKtyf58uU0jgzaRwfoCNnoDJXRNaqgKiLoCb2gN/RuPBuvxtD4mLQuGNOZPfQHxtc3cK6l6A==</latexit>
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Inspiral-Merger-Ringdown
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[Credit: SxS Collaboration]

Numerical simulation of a binary black hole merger

https://www.ligo.caltech.edu/video/ligo20160211v10
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Cosmological compact binary coalescence

• Compact binaries at cosmological distances

hc(tobs) ⇠
M5/3

c f2/3
gw

a(tobs) r
<latexit sha1_base64="MvR9Ya9q5VKFWD0romXvWDaXA40="></latexit>

fgw = (1 + z)fobs
<latexit sha1_base64="hLUR+frlPfSDYTrG2AhoZ3XD7FE=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWoCCWpgoIIBTcuK9gHtCFMppN26OTBzI1aQ1Zu/BU3LhRx6ze482+cthG09cCFwzn3cu89bsSZBNP80nJz8wuLS/nlwsrq2vqGvrnVkGEsCK2TkIei5WJJOQtoHRhw2ooExb7LadMdXIz85g0VkoXBNQwjavu4FzCPEQxKcvRdz+kAvYOkd5uel6zD+4MfIXRl6uhFs2yOYcwSKyNFlKHm6J+dbkhinwZAOJaybZkR2AkWwAinaaETSxphMsA92lY0wD6VdjJ+IzX2ldI1vFCoCsAYq78nEuxLOfRd1elj6MtpbyT+57Vj8E7thAVRDDQgk0VezA0IjVEmRpcJSoAPFcFEMHWrQfpYYAIquYIKwZp+eZY0KmXrqFy5Oi5Wz7I48mgH7aESstAJqqJLVEN1RNADekIv6FV71J61N+190prTsplt9AfaxzdhG5kM</latexit>

Mz = (1 + z)Mc
<latexit sha1_base64="kMc11rD0RS5roJppsOw7yoes5d8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWpgoIIBTduhAr2AW0Ik+mkHTqZhJmJ0Iau3fgrblwo4tYvcOffOGmzqK0HLhzOuZd77/EiRqWyrB8jt7S8srqWXy9sbG5t75i7ew0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpeoOb1G8+EiFpyB/UMCJOgHqc+hQjpSXXPOwESPUxYvDOHcFrWLJPRyczGi64ZtEqWxPARWJnpAgy1Fzzu9MNcRwQrjBDUrZtK1JOgoSimJFxoRNLEiE8QD3S1pSjgEgnmbwyhsda6UI/FLq4ghN1diJBgZTDwNOd6ZFy3kvF/7x2rPxLJ6E8ihXheLrIjxlUIUxzgV0qCFZsqAnCgupbIe4jgbDS6aUh2PMvL5JGpWyflSv358XqVRZHHhyAI1ACNrgAVXALaqAOMHgCL+ANvBvPxqvxYXxOW3NGNrMP/sD4+gX7SpiB</latexit>

hc(tobs) ⇠
M5/3

z f2/3
obs

dgwL
<latexit sha1_base64="ugOku5m+HfcYT2l7HKt98WQcQfI="></latexit>

d
gw
L = d

em
L = a0(1 + z)

Z zsrc

0

dz

H(z)
<latexit sha1_base64="0eGHA4muw2laJRJGzvkk2Ki7XNo="></latexit>

GW’s amplitude scale with the inverse 
of the luminosity distance!

Their amplitude is sensitive to the 
expansion rate of the Universe!
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1. Key takeaways  
• Gravitational waves are linear perturbations of space-time that 

propagate across the Universe

• They propagate along null geodesics and carry only two 
polarizations

• Gravitational waves are sourced by the second time derivative of 
the quadrupole moment

• On a cosmological background, amplitude scales inversely with the 
luminosity distance 

• Compact binary coalescences produce sizable gravitational waves 
with a chirping waveform 



2. The new era of 
gravitational-wave astronomy
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[Credit: R. Hurt, Caltech/MIT/LIGO Lab]

https://www.ligo.caltech.edu/video/ligo20160211v5


The variation in the distance is minuscule

0.000000000000000001 meters

atom: 10-10 meters
nucleus: 10-15 meters

GW effect: 10-18 meters



34[GW150914 PRL]

https://arxiv.org/pdf/1602.03837.pdf
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Tuned for detecting compact objects

<latexit sha1_base64="5PSiBn0cYC0NImD0VtFMk2G3MI0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXNWZIupGKbjQjVDRPqAdh0yatqFJZkgyQhm78FfcuFDErb/hzr8x085CWw8EDufcyz05QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrsJYYlLDIQtlM0CKMCpITVPNSDOSBPGAkUYwuEj9xgORiobiTg8j4nHUE7RLMdJG8u0d6bc50n3Jk1vcH52VL68P8X3Zt4tOyRkDzhI3I0WQoerbX+1OiGNOhMYMKdVynUh7CZKaYkZGhXasSITwAPVIy1CBOFFeMs4/gvtG6cBuKM0TGo7V3xsJ4koNeWAm06xq2kvF/7xWrLunXkJFFGsi8ORQN2ZQhzAtA3aoJFizoSEIS2qyQtxHEmFtKiuYEtzpL8+SernkHpfcm6Ni5TyrIw92wR44AC44ARVwBaqgBjB4BM/gFbxZT9aL9W59TEZzVrazDf7A+vwBFuuVeg==</latexit>

rSch = 2GM/c2

<latexit sha1_base64="s++AM4LjHgmdIpS+6fKL6FnIP8Y="></latexit>

f ⇠ 1

2⇡

1

2tSch
⇠ 800Hz

✓
10M�
M

◆

<latexit sha1_base64="GgMYxO6jmR/k5LO47pH4Xahdm+s="></latexit>

h ⇠ O(1) ·
rSch
r

⇠ 10�23

✓
1Gpc

r

◆✓
M

10M�

◆

Coincides audible frequencies Cosmological distance

<latexit sha1_base64="8o2EiQwReIMO5WynW4/eRiKxXxk=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCq5JUUVdScKHLCqYtNCFMppN26MwkzEyEEvI6bnwVNwqKuvVFnF4Ubf1h4Oc75zDn/FHKqNKO824tLC4tr6yW1srrG5tb2/bOblMlmcTEwwlLZDtCijAqiKepZqSdSoJ4xEgrGlyO6q07IhVNxK0epiTgqCdoTDHSBoV23Y8lwrnrc6T7kudXKS6KHBe+ohwe/9ChnBCnWoM6/MaeoEVoV5yqMxacN+7UVMBUjdB+9rsJzjgRGjOkVMd1Uh3kSGqKGSnKfqZIivAA9UjHWIE4UUE+vrSAh4Z0YZxI84SGY/p7IkdcqSGPTOdoRzVbG8H/ap1Mx+dBTkWaaSLw5KM4Y1AncBQb7FJJsGZDYxCW1OwKcR+Z6LQJt2xCcGdPnjfNWtU9rbo3J5X6xTSOEtgHB+AIuOAM1ME1aAAPYHAPHsELeLUerCfrzfqYtC5Y05k98EfW5xd+baf4</latexit>

1Gpc

c
⇠ 3Gyr ⇠ 0.2tUni
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Tuned for detecting compact objects
<latexit sha1_base64="hqL2dlVJFMi+Atz+tFOQhvfT2Ag="></latexit>

h ⇠ 10�23

✓
1Gpc

r

◆✓
M

10M�

◆

<latexit sha1_base64="9Er7MNuDSFB2QZDvv7ecaIbeNmg="></latexit>

f ⇠ 800Hz

✓
10M�
M

◆



[Hanford, US] [Livingston, US] [Virgo, Italy] [KAGRA, Japan]

The era of gravitational wave astronomy is here!
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Gravitational wave detectors
• Detectors are defined by their noise, n(t)

• Some simplifying assumptions:

Stationary:
<latexit sha1_base64="xvStQtbxFO0esCANGcwjGgwW2PY=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBAShbArQQUvAS8eo5hEyC5hdtKbDM7OrjO9Qgj+gxd/xYsHRbx68ebfOHkcfBU0FFXddHeFqRQGXffTmZmdm19YzC3ll1dW19YLG5tNk2SaQ4MnMtFXITMghYIGCpRwlWpgcSihFV6fjvzWLWgjEnWJgxSCmPWUiARnaKVOYe+i5CPLyj7cZOKW+pKpngSqSli2tT/x9FjsFIpuxR2D/iXelBRrZIJ6p/DhdxOexaCQS2ZM23NTDIZMo+AS7vJ+ZiBl/Jr1oG2pYjGYYDj+6Y7uWqVLo0TbUkjH6veJIYuNGcSh7YwZ9s1vbyT+57UzjI6DoVBphqD4ZFGUSYoJHQVEu0IDRzmwhHEt7K2U95lmHG2MeRuC9/vlv6R5UPEOK9XzarF2Mo0jR7bJDikRjxyRGjkjddIgnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gW8h517</latexit>

R(⌧) ⌘ hn(t)n(t+ ⌧)i

   Ergodic:

<latexit sha1_base64="9fsjIqrp/CGb2xumb98vfuuHy1w="></latexit>

hni = lim
T!1

1

T

Z T/2

�T/2
n(t)dt

Zero-mean:
<latexit sha1_base64="yCCW/63d9LPXL5n1AAB5lvSILPs=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoW5KIkUFEQpuXFawF2hCmUxP2qGTSZiZCCUUfBU3LhRx63O4822cpl1o6w8DH/85h3PmDxLOlHacb6uwsrq2vlHcLG1t7+zu2fsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mbqf19iNIxWLxoMcJ+BEZCBYySrSxevaRx4kYcMCios88mfON07PLTtXJhZfBnUO5jmZq9Owvrx/TNAKhKSdKdV0n0X5GpGaUw6TkpQoSQkdkAF2DgkSg/Cw/f4JPjdPHYSzNExrn7u+JjERKjaPAdEZED9VibWr+V+umOrzyMyaSVIOgs0VhyrGO8TQL3GcSqOZjA4RKZm7FdEgkodokVjIhuItfXobWedW9qNbua+X69TyOIjpGJ6iCXHSJ6ugONVATUZShZ/SK3qwn68V6tz5mrQVrPnOI/sj6/AFkwJUj</latexit>

hn(t)i = 0

  Gaussian:
<latexit sha1_base64="rUD5t/0/y6xisizkzkfxgruTmVw="></latexit>

hñ⇤(f)ñ(f 0)i = 1

2
Sn(f)�(f � f 0)

• Probability of noise realization n(t)
<latexit sha1_base64="UonF6QgHa+POozhVU36XMbFXFhk="></latexit>

pn[n(t)] / exp


�2

Z 1

0

|ñ(f)|2

Sn(f)
df

�
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Gravitational wave detectors
• Detectors are also defined by their antenna response

<latexit sha1_base64="o9RF5mfUqXKm1i8t+30IWJ2Qm2c=">AAACHnicbVDLSgMxFM3UV62vUZdugkVoKZQZqQ8QoSAUlxVsK7RlyKRpJzSTGZI7Qin9Ejf+ihsXigiu9G9MH4K2HkhyOOdebu7xY8E1OM6XlVpaXlldS69nNja3tnfs3b26jhJFWY1GIlJ3PtFMcMlqwEGwu1gxEvqCNfz+1dhv3DOleSRvYRCzdkh6knc5JWAkzz4JcpC/DLyCeSrmbgUEsMzjAg68FvCQaWPgyg+f2Z6ddYrOBHiRuDOSLaMpqp790epENAmZBCqI1k3XiaE9JAo4FWyUaSWaxYT2SY81DZXEDGsPJ+uN8JFROrgbKXMk4In6u2NIQq0HoW8qQwKBnvfG4n9eM4HueXvIZZwAk3Q6qJsIDBEeZ4U7XDEKYmAIoYqbv2IaEEUomEQzJgR3fuVFUj8uuqfF0k0pW76YxZFGB+gQ5ZCLzlAZXaMqqiGKHtATekGv1qP1bL1Z79PSlDXr2Ud/YH1+A1WVn5g=</latexit>

h(t) = h+(t)F+(n̂) + h⇥(t)F⇥(n̂)

⃗xL0

⃗yL0

⃗N

ι

⃗L0
⃗J

ϕref

⃗eθ

⃗⃗n(= –N )
⃗n⃗zd

θ
θJN

φ
⃗yd

⃗xd

⃗eφ

⃗eθ

⃗eφ

⃗L0

pppψ

–

ι

π/2-ψ

(a) Source (b) Earth detector (c) Sky
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Sky localization
• The arrival time difference between two detectors defines a ring in 

the sky
<latexit sha1_base64="Vu2ZlyXWCv3ZDzrs9Z+wc002/OQ=">AAACF3icbZDLSsNAFIYn3q23qks3g0VwVZNS1I1S0IXLCrYKTQmTyWk7dDIJMydCCX0LN76KGxeKuNWdb+P0gng7MPDx/+dw5vxhKoVB1/1wZmbn5hcWl5YLK6tr6xvFza2mSTLNocETmeibkBmQQkEDBUq4STWwOJRwHfbPRv71LWgjEnWFgxTaMesq0RGcoZWCYtk/B4mMYpBHgRcFleGJfwucKp9HCY5Rf1kHPCiW3LI7LvoXvCmUamRS9aD47kcJz2JQyCUzpuW5KbZzplFwCcOCnxlIGe+zLrQsKhaDaefju4Z0zyoR7STaPoV0rH6fyFlszCAObWfMsGd+eyPxP6+VYee4nQuVZgiKTxZ1MkkxoaOQaCQ0cJQDC4xrYf9KeY9pxtFGWbAheL9P/gvNStk7LFcvq6Xa6TSOJbJDdsk+8cgRqZELUicNwskdeSBP5Nm5dx6dF+d10jrjTGe2yY9y3j4BBqmfPw==</latexit>

�td1d2 = ~n · ~rd1d2/c

0 1 2 3 4 5 6
ra
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0.0

0.5
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Sky localization

[Credit: Leo Singer]

https://www.youtube.com/watch?v=L2j6xmQRrUg
https://www.youtube.com/watch?v=L2j6xmQRrUg&t=48s
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Matched-filtering
• The data stream: 

<latexit sha1_base64="/Unzds58E20AC8EMamRKqAMSOAU=">AAAB9XicbVDLSsNAFL3xWeur6tJNsAgVoSRS1I1ScOOygn1AG8tkMmmHTiZh5kYpof/hxoUibv0Xd/6N08dCWw/M5XDOvdw7x08E1+g439bS8srq2npuI7+5tb2zW9jbb+g4VZTVaSxi1fKJZoJLVkeOgrUSxUjkC9b0Bzdjv/nIlOaxvMdhwryI9CQPOSVopIeghCdX2pRTaUq3UHTKzgT2InFnpFiFKWrdwlcniGkaMYlUEK3brpOglxGFnAo2yndSzRJCB6TH2oZKEjHtZZOrR/axUQI7jJV5Eu2J+nsiI5HWw8g3nRHBvp73xuJ/XjvF8NLLuExSZJJOF4WpsDG2xxHYAVeMohgaQqji5lab9okiFE1QeROCO//lRdI4K7vn5cpdpVi9nsWRg0M4ghK4cAFVuIUa1IGCgmd4hTfryXqx3q2PaeuSNZs5gD+wPn8AjkmRRw==</latexit>

d(t) = s(t) + n(t)

• Filter data:
<latexit sha1_base64="HDwv2M2B2T6i+47/WTGfmJoSDpk=">AAACFHicbVDLSgMxFM3UV62vqks3wSJU1DIjRd0oBTeCmwr2AZ1aMpmMDc1khuSOUIZ+hBt/xY0LRdy6cOffmD4W2nrgcg/n3ktyjhcLrsG2v63M3PzC4lJ2Obeyura+kd/cqusoUZTVaCQi1fSIZoJLVgMOgjVjxUjoCdbwepfDeeOBKc0jeQv9mLVDci95wCkBI3XyB26XAPbxOXa5hE56ZFoA/cHduGMf3EO/CPvXpjr5gl2yR8CzxJmQQgWNUe3kv1w/oknIJFBBtG45dgztlCjgVLBBzk00iwntkXvWMlSSkOl2OjI1wHtG8XEQKVMS8Ej9fZGSUOt+6JnNkEBXT8+G4n+zVgLBWTvlMk6ASTp+KEgEhggPE8I+V4yCMN45oYqbv2LaJYpQMDnmTAjOtOVZUj8uOSel8k25ULmYxJFFO2gXFZGDTlEFXaEqqiGKHtEzekVv1pP1Yr1bH+PVjDW52UZ/YH3+APESnYY=</latexit>

d̂ =

Z 1

�1
dt d(t)K(t)

• Signal to noise: <latexit sha1_base64="nwz4qrdYlPVlakoLWNIp0WyCX+c="></latexit>

S/N =

R1
�1 dfs̃(f)K̃⇤(f)

qR1
�1 df 1

2Sn(f)|K̃(f)|2

• Define noise weighted diner product 
<latexit sha1_base64="dH9F/ymkrFk9cQs5hh5HM/vBP94="></latexit>

(a|b) ⌘ Re

"Z 1

�1

ã⇤(f)b̃(f)

Sn(f)/2

#
= 4Re

"Z 1

0

ã⇤(f)b̃(f)

Sn(f)

#
,

• Rewrite S/N: 
<latexit sha1_base64="l4SrwkiuCCKqYQHkAPj3ofLtvug=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQbmoiRd0oBTeupKJ9QBPKZDqpQyeTODMRSszOjb/ixoUibv0Fd/6Nk7YLbT1w4cw59zL3Hi9iVCrL+jZyc/MLi0v55cLK6tr6hrm51ZRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWNzjP/NY9EZKG/EYNI+IGqM+pTzFSWuqau9cHl6eOLxBOSvGDLKeJI++Eyh5xOU27ZtGqWCPAWWJPSLEGxqh3zS+nF+I4IFxhhqTs2Fak3AQJRTEjacGJJYkQHqA+6WjKUUCkm4zuSOG+VnrQD4UuruBI/T2RoEDKYeDpzgCpWzntZeJ/XidW/ombUB7FinA8/siPGVQhzEKBPSoIVmyoCcKC6l0hvkU6FKWjK+gQ7OmTZ0nzsGIfVapX1WLtbBJHHuyAPVACNjgGNXAB6qABMHgEz+AVvBlPxovxbnyMW3PGZGYb/IHx+QM/W5mb</latexit>

S/N =
(u|s)p
(u|u)

<latexit sha1_base64="eTq+tusPAO54bj52FLlZGURs8gA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxC3ZSkFHWjFNwIbiraCzQhTCaTduhkEmYmQgl5BTe+ihsXirh15863cdpmoa0HBj7+/xzOnN9PGJXKsr6NpeWV1bX10kZ5c2t7Z9fc2+/IOBWYtHHMYtHzkSSMctJWVDHSSwRBkc9I1x9dTfzuAxGSxvxejRPiRmjAaUgxUlryzKqjKAsITKvhyYUTCoQzO8/q+Z3HtVKYNxo9s2LVrGnBRbALqDTBrFqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSl51UkgThERqQvkaOIiLdbHpRDo+1EsAwFvpxBafq74kMRVKOI193RkgN5bw3Ef/z+qkKz92M8iRVhOPZojBlUMVwEg8MqCBYsbEGhAXVf4V4iHQsSodY1iHY8ycvQqdes09rjdtGpXlZxFECh+AIVIENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PWJaOYOQB/yvj8AXHNnCk=</latexit>

ũ(f) =
1

2
Sn(f)K̃(f)
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Matched-filtering
• Signal to noise: 

<latexit sha1_base64="l4SrwkiuCCKqYQHkAPj3ofLtvug=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQbmoiRd0oBTeupKJ9QBPKZDqpQyeTODMRSszOjb/ixoUibv0Fd/6Nk7YLbT1w4cw59zL3Hi9iVCrL+jZyc/MLi0v55cLK6tr6hrm51ZRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWNzjP/NY9EZKG/EYNI+IGqM+pTzFSWuqau9cHl6eOLxBOSvGDLKeJI++Eyh5xOU27ZtGqWCPAWWJPSLEGxqh3zS+nF+I4IFxhhqTs2Fak3AQJRTEjacGJJYkQHqA+6WjKUUCkm4zuSOG+VnrQD4UuruBI/T2RoEDKYeDpzgCpWzntZeJ/XidW/ombUB7FinA8/siPGVQhzEKBPSoIVmyoCcKC6l0hvkU6FKWjK+gQ7OmTZ0nzsGIfVapX1WLtbBJHHuyAPVACNjgGNXAB6qABMHgEz+AVvBlPxovxbnyMW3PGZGYb/IHx+QM/W5mb</latexit>

S/N =
(u|s)p
(u|u)

• Optimal filter when u is parallel to s
<latexit sha1_base64="OUwz2DeAF9DDWS+ReSpf8sEA0EY=">AAACFnicbVDNS8MwHE3n15xfVY9egkOYB0crQz3JwIvgZaL7gLWUNE23sDQtSSqMsr/Ci/+KFw+KeBVv/jemWw+6+SDk8d7vR/KenzAqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcfXeV+94EISWN+r8YJcSM04DSkGCkteeaJoygLCLyphcdOIuJExdAJBcJZYUhtTLI7j+e3Z1atujUFXCR2QapNMEPLM7+cIMZpRLjCDEnZt61EuRkSimJGJhUnlSRBeIQGpK8pRxGRbjaNNYFHWglgGAt9uIJT9fdGhiIpx5GvJyOkhnLey8X/vH6qwgs3ozxJFeF49lCYMqiz5x3BgAqCFRtrgrCg+q8QD5EuRekmK7oEez7yIumc1u2zeuO2UW1eFnWUwQE4BDVgg3PQBNegBdoAg0fwDF7Bm/FkvBjvxsdstGQUO/vgD4zPH0XMntk=</latexit>

K̃(f) / s̃(f)

Sn(f)

• Optimal signal-to-noise ratio

<latexit sha1_base64="8D6lW9UQwTszPdg/t6EUfBoeUFc="></latexit>

⇢2opt = (h|h) = 4Re

"Z 1

0

|h̃(f)|2

Sn(f)

#
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Matched-filtering

[Credit: Alex Nitz]

https://www.youtube.com/watch?v=bBBDR5jf9oU
https://www.youtube.com/watch?v=bBBDR5jf9oU
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Matched-filtering

[Credit: LVK]

https://ligo.org/science-summaries/GW150914CBC/
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Detection statistics

[Credit: LVK]

https://ligo.org/science-summaries/GW150914CBC/
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Parameter estimation
• If we subtract the the right signal to the data, we should recover 

the noise 
<latexit sha1_base64="irnngVFdXOyKwQZofHCQNqgpHdE=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQD4ZdCepFCXjxGME8IFnC7OwkGTI7u8z0CjHkS7x4UMSrn+LNv3HyOGhiwTRFVTfdU0EihUHX/XZWVtfWNzYzW9ntnd29XH7/oG7iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNxO/MYj10bE6gGHCfcj2lOiKxhFK3XyOVXE02sS2npmbOnkC27JnYIsE29OChWYodrJf7XDmKURV8gkNabluQn6I6pRMMnH2XZqeELZgPZ4y1JFI2780fTwMTmxSki6sbZPIZmqvydGNDJmGAW2M6LYN4veRPzPa6XYvfJHQiUpcsVmi7qpJBiTSQokFJozlENLKNPC3kpYn2rK0GaVtSF4i19eJvXzkndRKt+XC5WbeRwZOIJjKIIHl1CBO6hCDRik8Ayv8OY8OS/Ou/Mxa11x5jOH8AfO5w9hRJGk</latexit>

n(t) = d(t)� s(t)

• Assuming Gaussian noise, the likelihood of the data is
<latexit sha1_base64="SZxAR9/uPM0Cmlyb3+Tn5A+1wzY="></latexit>

⇤(d|✓) / exp


�1

2
(d� h(✓)|d� h(✓))

�

= exp


(d|h(✓))� 1

2
(h(✓)|h(✓))� 1

2
(d|d)

�

• The posterior distribution of a parameter (Bayes theorem)
<latexit sha1_base64="bdPgG5CcBHdm8fuOkK7Cfc1sgLI="></latexit>

p(✓|d) / p(✓) exp


(d|h(✓))� 1

2
(h(✓)|h(✓))

�
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Parameter estimation

[Credit: LVK]

Typically parameters are 
correlated

Chirp mass

Mass ratio

https://ligo.org/science-summaries/GW150914Astro/
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Parameter estimation

[Credit: LVK]

Spins are more difficult 
to measure

https://ligo.org/science-summaries/GW150914Astro/
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Parameter estimation
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Measurement uncertainty 
• In the high signal-to-nise limit, inferred parameters are close to 

the maximum likelihood (ML) value
<latexit sha1_base64="f8h3ymEPTtiV/tlxWUXJZnjZMLw=">AAACGXicbZDJSgNBEIZ74hbjNurRy2AQBCHMSFAvSkAPHhQimAUyY+jpVJImPQvdNUIY8hpefBUvHhTxqCffxs5yiIkFDR//X0VX/X4suELb/jEyC4tLyyvZ1dza+sbmlrm9U1VRIhlUWCQiWfepAsFDqCBHAfVYAg18ATW/dzn0a48gFY/Ce+zH4AW0E/I2ZxS11DRtF7uA9IGfTyDlg6YbUOzKIL29GRy5VyCQTplm3i7Yo7LmwZlAvkTGVW6aX24rYkkAITJBlWo4doxeSiVyJmCQcxMFMWU92oGGxpAGoLx0dNnAOtBKy2pHUr8QrZE6PZHSQKl+4OvO4c5q1huK/3mNBNtnXsrDOEEI2fijdiIsjKxhTFaLS2Ao+hook1zvarEulZShDjOnQ3BmT56H6nHBOSkU74r50sUkjizZI/vkkDjklJTINSmTCmHkibyQN/JuPBuvxofxOW7NGJOZXfKnjO9fjdSh7g==</latexit>

✓i = ✓iML +�✓i

• Expanding the likelihood around this value (first contribution 
quadratic) <latexit sha1_base64="lpyL2YK7hvmiL3hOtUBS5tq3QaE="></latexit>

p(✓|d) / exp


�1

2
�ij�✓i�✓j

�

<latexit sha1_base64="vBZtZhJAUvcFFfINwDy0Y+cbtNo="></latexit>

�ij = (@i@jh|h� s) + (@ih|@jh) ⇡ (@ih|@jh)

• E.g. 
<latexit sha1_base64="yqxWAjRJo4lHMlGNXHDboqj35Ng=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZREirpRKm5cVrAPaGKZTG6aoZMHMxOhxC78FTcuFHHrb7jzb5w+Ftp64MLhnHu59x4v5Uwqy/o2FhaXlldWC2vF9Y3NrW1zZ7cpk0xQaNCEJ6LtEQmcxdBQTHFopwJI5HFoef3rkd96ACFZEt+pQQpuRHoxCxglSktdc99RjPuAw3JwfHEF9zlz0pANu2bJqlhj4HliT0mphiaod80vx09oFkGsKCdSdmwrVW5OhGKUw7DoZBJSQvukBx1NYxKBdPPx/UN8pBUfB4nQFSs8Vn9P5CSSchB5ujMiKpSz3kj8z+tkKjh3cxanmYKYThYFGccqwaMwsM8EUMUHmhAqmL4V05AIQpWOrKhDsGdfnifNk4p9WqneVku1y2kcBXSADlEZ2egM1dANqqMGougRPaNX9GY8GS/Gu/ExaV0wpjN76A+Mzx9c/JW4</latexit>

h̃(f) = Aei�
<latexit sha1_base64="pMBAl9weyqo86AmuFPCRVDedCME=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4qjNS1E2l4sZlBfuAzlAyaaYTmseQZIQy9APc+CtuXCji1g9w59+YtrPQ6oHAyTnnktwTJoxq47pfTmFpeWV1rbhe2tjc2t4p7+61tUwVJi0smVTdEGnCqCAtQw0j3UQRxENGOuHoeup37onSVIo7M05IwNFQ0IhiZKzUL1d8TYcc9TOfCXg1qedXP4kprEPvxFextCm36s4A/xIvJ5UGmKPZL3/6A4lTToTBDGnd89zEBBlShmJGJiU/1SRBeISGpGepQJzoIJstM4FHVhnASCp7hIEz9edEhrjWYx7aJEcm1oveVPzP66UmuggyKpLUEIHnD0Upg0bCaTNwQBXBho0tQVhR+1eIY6QQNra/ki3BW1z5L2mfVr2zau22Vmlc5nUUwQE4BMfAA+egAW5AE7QABg/gCbyAV+fReXbenPd5tODkM/vgF5yPb8SImtE=</latexit>

�lnA = �� = 1/⇢
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Population inference
• The posterior distribution of the hyper-parameters 

<latexit sha1_base64="gy8IZy1j0YJItOmdi9Chqz4k6Kk="></latexit>

p(�|{di}) / p(�)p({di}|�) = p(�)
NobsY

i=1

ppop(✓i|�)R
d✓ppop(✓|�)

• Including selection effects
<latexit sha1_base64="nYYN7WSaauZdKnfjPT9q7sSjnVs="></latexit>

p({di}|�) =
NobsY

i=1

ppop(✓i|�)pdet(✓i)R
d✓ppop(✓|�)pdet(✓)

=
NobsY

i=1

ppop(✓i|�)R
d✓ppop(✓|�)pdet(✓)

• Including measurement uncertainties 
<latexit sha1_base64="iJu3tuHdphssRLKptUnRQ+sEZkg="></latexit>

p({di}|�) =
NobsY

i=1

R
d✓p(✓|di)ppop(✓|�)R
d✓ppop(✓|�)pdet(✓)



The era of gravitational wave astronomy is here!
~100 events: BBH, BNS, NSBH
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GWTC-3 populations

[Credit: LVK]

Low-mass mass 
distribution

Multi-source
Bin. Gauss. Pr.

PL+dip+break

Break

Max?

Gap?

BBH mass distribution

Drop

Gap?

Power-law+spline
Flexible mixtures
Binned Gauss. Proc.

Power-law+peak

https://ligo.org/science-summaries/O3bAstroDist/
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GWTC-3 population

[Credit: LVK]

https://ligo.org/science-summaries/O3bAstroDist/


https://gracedb.ligo.org/superevents/public/O4/#
O4 is happening!

The Universe
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Gravitational 
Waves

Jose María Ezquiaga  
Niels Bohr Institute 

jose.ezquiaga@nbi.ku.dk 
ezquiaga.github.io

[Diego Rivera]

DAY 2

mailto:jose.ezquiaga@nbi.ku.dk
http://ezquiaga.github.io
https://es.wikipedia.org/wiki/El_hombre_controlador_del_universo#/media/Archivo:Libro_Los_Viejos_Abuelos_Foto_68.png
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https://gracedb.ligo.org/superevents/public/
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The future: “big data” & distant Universe

[Chen, Ezquiaga & Gupta (CQG’24)]

[XG = next-generation detector = Cosmic Explorer / Einstein Telescope]

https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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O3 O4 O5 Voyager 3G/LISA
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2. Key takeaways  
• Gravitational waves detectors are describes by their noise and 

antenna pattern function

• The optimal signal to noise is given when the filter matches the 
signal

• Data stream can be matched filtered using a template bank. An 
event is found when it cannot be explained by noise background

• Almost 300 significant candidates since the first observation. 
Many more to come in the future!

• Once an event is detected, we can infer the parameters. This is a 
15D parameter space



3. Standard siren cosmology
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Gravitational waves are standard sirens

[general relativity predicts waveform] 
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[cosmo propagation] 

<latexit sha1_base64="z5Kb32eykXboNMG3E9L++5VgcEU="></latexit>

hc(tobs) ⇠
M5/3

z f2/3
obs

dgwL
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[well understood detectability] 

[cosmo propagation] 
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[well understood detectability] 

<latexit sha1_base64="ww1EJy5y/nRL5KS+5fU147rgpAM=">AAAB7XicdVDLSsNAFL2pr1pfVZduBotQNyGR+toV3LhwUcE+oA1lMpm0o5NJmJkINfQf3LhQxK3/486/cdIW8XngwuGce7n3Hj/hTGnHebcKc/MLi0vF5dLK6tr6Rnlzq6XiVBLaJDGPZcfHinImaFMzzWknkRRHPqdt/+Ys99u3VCoWiys9SqgX4YFgISNYG6kV9C+qd/v9csWxT3McItd2JvhNKnWYotEvv/WCmKQRFZpwrFTXdRLtZVhqRjgdl3qpogkmN3hAu4YKHFHlZZNrx2jPKAEKY2lKaDRRv05kOFJqFPmmM8J6qH56ufiX1011eOJlTCSppoJMF4UpRzpG+esoYJISzUeGYCKZuRWRIZaYaBNQyYTw/++fpHVgu0d27bJWqddmcRRhB3ahCi4cQx3OoQFNIHAN9/AIT1ZsPVjP1su0tWDNZrbhG6zXD19pjv8=</latexit>

dL(z)

[GW Hubble diagram] 

<latexit sha1_base64="TwtYQskidY96rjvOCxh4vOtayas=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQEcqM1NdCKLhxWcE+oB2GTCbThiaZIckIdSj4K25cKOLW73Dn35hpi/g8EDiccy/35AQJo0o7zrs1Mzs3v7BYWCour6yurdsbm00VpxKTBo5ZLNsBUoRRQRqaakbaiSSIB4y0gsFF7rduiFQ0Ftd6mBCPo56gEcVIG8m3t7nf5Uj3Jc9CokfnZffgdp/7dsmpnOU4gm7FGeM3KdXABHXffuuGMU45ERozpFTHdRLtZUhqihkZFbupIgnCA9QjHUMF4kR52Tj+CO4ZJYRRLM0TGo7VrxsZ4koNeWAm86jqp5eLf3mdVEenXkZFkmoi8ORQlDKoY5h3AUMqCdZsaAjCkpqsEPeRRFibxoqmhP///kmahxX3uFK9qpZq1WkdBbADdkEZuOAE1MAlqIMGwCAD9+ARPFl31oP1bL1MRmes6c4W+Abr9QM0P5Wj</latexit>

mdet = (1 + z)m

[Interplay with astrophysics] 

[cosmo propagation] 



[Credit: D. Berry]
[Credit: LIGO+]

BRIGHT SIRENS
• Redshift from electromagnetic counterpart 

(e.g. identifying host galaxy) 
• GW170817 
• Need matter around merger: neutron 

stars!, AGN? 
• Bright counterpart at high-z?
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https://arxiv.org/pdf/1710.05835.pdf


[Nature 551, 85 (2017)]

H0 = 70.0+12.0
�8.0 km s�1Mpc�1

Bright sirens

69

https://www.nature.com/nature/journal/v551/n7678/pdf/nature24471.pdf


[Nature 551, 85 (2017)]

Inclination matters!

70

[recall Enrico’s talk]

https://www.nature.com/nature/journal/v551/n7678/pdf/nature24471.pdf


Solve Hubble tension?

[Ezquiaga & Zumalacárregui '18]

<latexit sha1_base64="yEYdjeereUfBLuF6ItQLFPkMgy4=">AAACJHicbVDLSsNAFJ34tr6iLt0MFsFVSURU6KbgxpVUsFVoYphMJ+3QmSTO3Agl5GPc+CtuXPjAhRu/xUnTha8DA2fOuZeZc8JUcA2O82HNzM7NLywuLddWVtfWN+zNra5OMkVZhyYiUdch0UzwmHWAg2DXqWJEhoJdhaPT0r+6Y0rzJL6Eccp8SQYxjzglYKTAbnqaDyS58SSBoZI5JFAE+VngFMaQ2IsUoXk1U8mFud0qyM+LIrDrTsOZAP8l7pTUW6hCO7BfvX5CM8lioIJo3XOdFPycKOBUsKLmZZqlhI7IgPUMjYlk2s8nIQu8Z5Q+jhJlTgx4on7fyInUeixDM1lm0b+9UvzP62UQnfg5j9MMWEyrh6JMYEhw2Rjuc8UoiLEhhCpu/orpkJhewPRaMyW4vyP/Jd2DhnvUOLw4rLea0zqW0A7aRfvIRceohc5QG3UQRffoET2jF+vBerLerPdqdMaa7myjH7A+vwBRbKcc</latexit>

�tot
H0

⇠ �H0p
N
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https://arxiv.org/abs/1807.09241


Where are the binary neutron stars?
• O1-O2 BNS rate: 110 — 3840 / Gpc3 / yr (90% CI for 1 model) 

• Confident BNS: GW170817

• O3a BNS rate: 80 — 810 / Gpc3 / yr (90% CI for 1 model) 
• Confident BNS: GW190425

• O3a BNS rate: 10 — 1700 / Gpc3 / yr (90% CI across 3 models) 
•  Confident BNS: None

• O4 significant BNS candidates so far: 0?

Predictions for O4:
<latexit sha1_base64="lM3xtu98OZGOVBRWirc+Wepl7ho=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQpCGRanQjBTcuK9gHtGmYTKft0MkkzEyEELJ346+4caGIW3/AnX/jpO1CWw9cOJxzL/fe40eUCGlZ31phZXVtfaO4Wdra3tnd0/cPWiKMOcJNFNKQd3woMCUMNyWRFHcijmHgU9z2Jze5337AXJCQ3cskwm4AR4wMCYJSSZ5edkynn57atnmVeWn13HSyXgDlmAdpwrN+WrUzT69YpjWFsUzsOanUwQwNT//qDUIUB5hJRKEQXduKpJtCLgmiOCv1YoEjiCZwhLuKMhhg4abTXzLjWCkDYxhyVUwaU/X3RAoDIZLAV535nWLRy8X/vG4sh5duSlgUS8zQbNEwpoYMjTwYY0A4RpImikDEibrVQGPIIZIqvpIKwV58eZm0zkz7wqzd1Sr163kcRXAEyuAE2MABdXALGqAJEHgEz+AVvGlP2ov2rn3MWgvafOYQ/IH2+QPi5pnE</latexit>

7.7+11.9
�5.7 yr�1 BNS

74% kilonova, 2% GRB[2204.07592]
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https://arxiv.org/pdf/2204.07592.pdf


Neutron star - black hole mergers 
to the rescue?

LVK Black Holes LVK Neutron Stars EM Black Holes EM Neutron Stars
73



Neutron star - black hole mergers 
to the rescue?

74

Higher modes to break 
distance degeneracies! 

If too asymmetric neutron 
star is quickly eaten…



DARK SIRENS

[Credit: DES]

• Statistically infer z from galaxies in localization volume 
• E.g. GW170814 
• Need good localization and complete galaxy catalogs!

[LIGO,DES; ApJ’19]

For more details see: 
Hitchhiker guide GW galaxy catalog cosmo 
(arXiv 2212.08694) 

https://arxiv.org/pdf/1901.01540.pdf
https://iopscience.iop.org/article/10.3847/2041-8213/ab14f1/pdf
https://arxiv.org/abs/2212.08694


[Palmese et al., ApJ'23 ]

Dark 
sirens

https://arxiv.org/abs/2111.06445
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Do binary black holes trace the large scale 
structures?
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[well understood detectability] 

<latexit sha1_base64="ww1EJy5y/nRL5KS+5fU147rgpAM=">AAAB7XicdVDLSsNAFL2pr1pfVZduBotQNyGR+toV3LhwUcE+oA1lMpm0o5NJmJkINfQf3LhQxK3/486/cdIW8XngwuGce7n3Hj/hTGnHebcKc/MLi0vF5dLK6tr6Rnlzq6XiVBLaJDGPZcfHinImaFMzzWknkRRHPqdt/+Ys99u3VCoWiys9SqgX4YFgISNYG6kV9C+qd/v9csWxT3McItd2JvhNKnWYotEvv/WCmKQRFZpwrFTXdRLtZVhqRjgdl3qpogkmN3hAu4YKHFHlZZNrx2jPKAEKY2lKaDRRv05kOFJqFPmmM8J6qH56ufiX1011eOJlTCSppoJMF4UpRzpG+esoYJISzUeGYCKZuRWRIZaYaBNQyYTw/++fpHVgu0d27bJWqddmcRRhB3ahCi4cQx3OoQFNIHAN9/AIT1ZsPVjP1su0tWDNZrbhG6zXD19pjv8=</latexit>

dL(z)

[GW Hubble diagram] 

<latexit sha1_base64="TwtYQskidY96rjvOCxh4vOtayas=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQEcqM1NdCKLhxWcE+oB2GTCbThiaZIckIdSj4K25cKOLW73Dn35hpi/g8EDiccy/35AQJo0o7zrs1Mzs3v7BYWCour6yurdsbm00VpxKTBo5ZLNsBUoRRQRqaakbaiSSIB4y0gsFF7rduiFQ0Ftd6mBCPo56gEcVIG8m3t7nf5Uj3Jc9CokfnZffgdp/7dsmpnOU4gm7FGeM3KdXABHXffuuGMU45ERozpFTHdRLtZUhqihkZFbupIgnCA9QjHUMF4kR52Tj+CO4ZJYRRLM0TGo7VrxsZ4koNeWAm86jqp5eLf3mdVEenXkZFkmoi8ORQlDKoY5h3AUMqCdZsaAjCkpqsEPeRRFibxoqmhP///kmahxX3uFK9qpZq1WkdBbADdkEZuOAE1MAlqIMGwCAD9+ARPFl31oP1bL1MRmes6c4W+Abr9QM0P5Wj</latexit>

mdet = (1 + z)m

[Interplay with astrophysics] 

[cosmo propagation] 



SPECTRAL SIRENS
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{dL(z),mdet = (1 + z)m}

<latexit sha1_base64="uBPqi21JeGO4qAepff4zeBfJ5wk=">AAACCXicdVDLSsNAFJ3UV62vqks3g0VoUUJSC7ULoeDGhYsK9gFNCZPJpB06k4SZidCGbt34K25cKOLWP3Dn3zh9CCp64MLhnHu59x4vZlQqy/owMkvLK6tr2fXcxubW9k5+d68lo0Rg0sQRi0THQ5IwGpKmooqRTiwI4h4jbW94MfXbt0RIGoU3ahSTHkf9kAYUI6UlNw+d1HeviuPSCXcdjtRA8NQnanJetI/HJe5M3HzBMmszwDmpVhakZkPbtGYogAUabv7d8SOccBIqzJCUXduKVS9FQlHMyCTnJJLECA9Rn3Q1DREnspfOPpnAI634MIiErlDBmfp9IkVcyhH3dOf0WPnbm4p/ed1EBWe9lIZxokiI54uChEEVwWks0KeCYMVGmiAsqL4V4gESCCsdXk6H8PUp/J+0yqZ9apavK4V6ZRFHFhyAQ1AENqiCOrgEDdAEGNyBB/AEno1749F4MV7nrRljMbMPfsB4+wT8Hpnh</latexit>



SPECTRAL SIRENS

log[Detector frame mass]

Lu
m

in
os

ity
di

st
an

ce



SPECTRAL SIRENS
higher H0
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SPECTRAL SIRENS
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Ezquiaga & Holz; Spectral sirens: Cosmology from full mass distribution of compact 
binaries (PRL’22, arXiv 2202.08240)

[Mastrogiovanni+’21][Farr+’19] [Ezquiaga&Holz’20]

[LVC Cosmo GWTC-3 ’21]

[Chernoff&Finn'93]

[Taylor+'11] [You+'20]

All compact binaries are standard sirens, no electromagnetic 
information is necessary 

“Far-side” binaries“Stellar-mass” binary black holesBinary neutron stars

[Mali&Esscik’24]

[Roy+'24]

https://arxiv.org/abs/2202.08240
https://arxiv.org/pdf/2103.14663.pdf
https://arxiv.org/pdf/1908.09084.pdf
https://arxiv.org/pdf/2006.02211.pdf
https://arxiv.org/abs/2111.03604
https://arxiv.org/abs/gr-qc/9304020
https://arxiv.org/abs/1108.5161
https://arxiv.org/abs/2004.00036
https://arxiv.org/abs/2410.07416
https://arxiv.org/abs/2411.02494


All compact binaries are spectral sirens, no electromagnetic 
information is necessary 
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Currently, binary black holes most promising



SPECTRAL SIRENS
Cosmology

Astrophysics
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Non-parametric reconstruction

Unbiased cosmological inference without prior assumptions
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[Farah et al.; ApJ’24]

https://arxiv.org/abs/2404.02210
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Standard sirens: current results

[LVK GWTC-3]

bright

dark

spectral

https://arxiv.org/abs/2111.03604
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Standard sirens: current results

[LVK GWTC-3]

dark 
(default)

spectral

dark 
(other 
priors)

https://arxiv.org/abs/2111.03604
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Standard sirens: forecasts

[Chen, Ezquiaga & Gupta (CQG’24)][Hanford, US] [Livingston, US]

[Einstein Telescope]

[Cosmic Explorer]

[LIGO Aundha]

https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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• Einstein Telescope with 1000 standard sirens w(z) = w0 + wa
z

1 + z
<latexit sha1_base64="eoPHNg2uWyezxfYuJuGwlCcaI5M=">AAACBXicbVDLSsNAFJ34rPUVdamLwSJUCiWpgoIIBTcuK9gHtCFMppN26GQSZiaWNmTjxl9x40IRt/6DO//GaZuFth64cDjnXu69x4sYlcqyvo2l5ZXVtfXcRn5za3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG9xM/OYDEZKG/F6NIuIEqMepTzFSWnLNo2FxfHo9dC1YgkMXwY4vEE7GaWKXxqlrFqyyNQVcJHZGCiBDzTW/Ot0QxwHhCjMkZdu2IuUkSCiKGUnznViSCOEB6pG2phwFRDrJ9IsUnmilC/1Q6OIKTtXfEwkKpBwFnu4MkOrLeW8i/ue1Y+VfOgnlUawIx7NFfsygCuEkEtilgmDFRpogLKi+FeI+0jkoHVxeh2DPv7xIGpWyfVau3J0XqldZHDlwCI5BEdjgAlTBLaiBOsDgETyDV/BmPBkvxrvxMWtdMrKZA/AHxucPa+uXPw==</latexit>

[Belgacem et al.'18] �w0/w0 ⇠ 20%
<latexit sha1_base64="s8bpDmIqSP2XGYpggY62nzsArkE=">AAACAnicbVDLSgMxFL3js9bXqCtxEywFV3WmCgpuCm5cVrAP6AxDJk3b0GRmSDJKGYobf8WNC0Xc+hXu/BvTdhbaeiDh5Jx7ubknTDhT2nG+raXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrGinEW0oZnmtJ1IikXIaSscXk/81j2VisXRnR4l1Be4H7EeI1gbKbAPPcX6AgfZQ+CMT81l3gJVHa8c2CWn4kyBFombkxLkqAf2l9eNSSpopAnHSnVcJ9F+hqVmhNNx0UsVTTAZ4j7tGBphQZWfTVcYo7JRuqgXS3Mijabq744MC6VGIjSVAuuBmvcm4n9eJ9W9Sz9jUZJqGpHZoF7KkY7RJA/UZZISzUeGYCKZ+SsiAywx0Sa1ognBnV95kTSrFfesUr09L9Wu8jgKcATHcAIuXEANbqAODSDwCM/wCm/Wk/VivVsfs9IlK+85gD+wPn8AsDeWSQ==</latexit>
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• If the Dark Energy equation of states evolves in time

d
gw
L = a0(1 + z)

Z z

0

dz
0

H0

p
⌦M,0(1 + z0)3 + ⌦DE(z0)

<latexit sha1_base64="5+qsxiaWE4Ag5AmLPtTOYntAnUk="></latexit>

⌦DE(z) = ⌦⇤(1 + z)3(1+w0)e�3
R z
0

w(z0)�w0
1+z0 dz0

<latexit sha1_base64="pphZhhldeoY1cMWOII70KCyWMok="></latexit>

Bright sirens at higher distances

https://arxiv.org/pdf/1805.08731.pdf
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2%

Gravitational ° wave Standard Sirens

BBH (Dark) NSBH (Dark) BNS (Dark) BNS (Bright)

[2025+] [2035+]

H: Hanford (US) 
L: Livingston (US) 
A: Aundha (India) 
ET: Einstein Telescope (EU) 
CE: Cosmic Explorer (US)

H0  (also) with dark sirens

Detector network is 
important! Golden dark sirens

[Chen, Ezquiaga & Gupta (CQG’24)]

2%

https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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Spectral sirens: forecasts

2G: <10% within 1 year at approx. z=0.7

[BBHs between NSBH and PISN gap]
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3G: Sub-percent within 1 month. High-redshift!

[2025+] [2035+]

[Ezquiaga & Holz (PRL’22)]

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.129.061102


93

Expansion rate at high redshift H(z)
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Spectral sirens

Spectral + dark sirens

Combining sirens sub-percent precision across cosmic history!

[Chen, Ezquiaga & Gupta (CQG’24)]

Spectral sirens are competitive 
with cosmic surveys

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.129.061102
https://iopscience.iop.org/article/10.1088/1361-6382/ad424f


[LISA]

LISA’s 
perspective

https://arxiv.org/abs/1702.00786
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LISA forecasts: super massive BBHs

0

20

40

60

d L
[G

p
c]

Scenario 1
hnd

hQ3

popIII

0 1 2 3 4 5 6
z

°0.25

0.00

0.25

¢
d L

/d
L

[approx. 10-30 bright sirens (4 yrs)]

hnd: heavy 
seeds no delay

hQ3: heavy 
seeds with delay

popIII: light 
seeds 

[Belgacem et al.; JCAP’19]

https://arxiv.org/abs/1906.01593
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Extrem Mass 
Ratio Inspirals

Stellar Origin 
Binary Black Holes

Super Massive 
Binary Black Holes

[LISA Cosmo White Paper]

https://arxiv.org/pdf/2204.05434.pdf
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3. Key takeaways  
• Gravitational waves carry information about their luminosity 

distance and redshifted masses

• With a direct additional information on redshift we have a bright 
siren. Using a galaxy catalog we have a dark siren

• Cosmology and astrophysics can be inferred simultaneously using 
the spectral siren method

• In the future, constrain H(z) at high redshift!

• Current constraints dominated by GW170817. Spectral siren allow 
to look further.



4. Gravitational wave 
lensing
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Gravitational waves are only altered by 
gravitational interactions with cosmic structures



Repeated chirps due to strong lensing

Waveform distortions by substructures

Source Lens Detector

Gravitational lensing - 
gravitational wave spectrum
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Gravitational lensing - 
electromagnetic spectrum

[arcs and rings][multiple images]

HE0435-1223 LRG 3-757



Gravitational lensing
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• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

• We want to make a mapping between the source and the observer 
through the lens

[source] 

[lens] 

[observer] 



Gravitational lensing
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• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

• Within weak-gravity & thin lens approximations, in Fourier space:

<latexit sha1_base64="mTA/gEXsYmWCBsZKYPd2q4nWh4w="></latexit>

~x ⌘ ~✓/✓⇤ , ~y ⌘ ~✓S/✓⇤ , w ⌘ ⌧D✓2⇤!
<latexit sha1_base64="dHiI6516A4rjcnjaoJiVbP9UtbM="></latexit>

⌧D ⌘ (1 + zL)DLDS/cDLS

<latexit sha1_base64="vw3Uzthtiv+eSuC1MSJINBsIiX0="></latexit>

Td ⌘ td/⌧D✓2⇤

[Dimensionless variables] 

<latexit sha1_base64="pVd6RYLMRBjxhKukWmp3oS1P+NE="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]



Stationary Phase Approximation
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• Solve integral in the limit of highly oscillatory integrand
<latexit sha1_base64="xfmXjJ8LdM4xne4oCD3C2FPlfv4="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]

• Stationary points define the images:

<latexit sha1_base64="ZuC+hkU8dp7oJbzEuxbpmW5h/O4="></latexit>

Td(~✓) ⇡ Td(~✓j) +
1

2

2X

(a,b)=1

�✓a�✓b
@2Td(~✓j)

@✓a@✓b
+ · · ·

<latexit sha1_base64="F+Z3mEjVFmMBY2/JEkkC2RxEWVo="></latexit>

@td
@✓a

����
~✓=~✓j

= 0

<latexit sha1_base64="F55mAQNCnng2ACahVbDGDpi/fWc=">AAACGXicdVDLSgMxFM34tr6qLt0Eq1A3dUZ8LoSCG5cKVoVOGTLprY1NZobkjlCG/oYbf8WNC0Vc6sq/MdOKbw8EDuecS+49YSKFQdd9dYaGR0bHxicmC1PTM7NzxfmFUxOnmkONxzLW5yEzIEUENRQo4TzRwFQo4SzsHOT+2RVoI+LoBLsJNBS7iERLcIZWCoqur9Kyj21AFlyu0X3qrfuKYVurrAnYK58EGQt7n4m1oFhyK3s5tqhXcfv4TUpVMsBRUHz2mzFPFUTIJTOm7rkJNjKmUXAJvYKfGkgY77ALqFsaMQWmkfUv69FVqzRpK9b2RUj76teJjCljuiq0yXxr89PLxb+8eoqt3UYmoiRFiPjgo1YqKcY0r4k2hQaOsmsJ41rYXSlvM8042jILtoT/b/8gpxsVb7uyebxZqq681zFBlsgyKROP7JAqOSRHpEY4uSa35J48ODfOnfPoPA2iQ877zCL5BuflDX7sn/Y=</latexit>

µ(✓j) = 1/det(Tab(✓j))
<latexit sha1_base64="UhDMVNvow1U18dIy/NGohOWiLE0="></latexit>

Tab ⌘ ⌧�1
D @2td/@✓a@✓b

• Hessian matrix determines magnifications



Strong lensing
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�td · ! � 1
<latexit sha1_base64="OcmHjIC/pgVwKtDhFvqPEoLzi+k=">AAACBnicdVA9SwNBEN3z2/gVtRRhMQhWx17UaDpRC0sFo0IuhL29ybm4d3vszgkhWNn4V2wsFLH1N9j5b9zECCr6YODx3gwz86JcSYuMvXsjo2PjE5NT06WZ2bn5hfLi0pnVhRHQEFppcxFxC0pm0ECJCi5yAzyNFJxHVwd9//wajJU6O8VuDq2UJ5nsSMHRSe3yangICjnFdkxDEWukoU4h4TRMEhq0yxXm1+tsK6hR5m8zVq3VHWGb1d1ajQY+G6BChjhul9/CWIsihQyF4tY2A5Zjq8cNSqHgphQWFnIurngCTUcznoJt9QZv3NB1p8S0o42rDOlA/T7R46m13TRynSnHS/vb64t/ec0CO7utnszyAiETn4s6haKoaT8TGksDAlXXES6MdLdScckNF+iSK7kQvj6l/5Ozqh9s+tWTrcre/jCOKbJC1sgGCcgO2SNH5Jg0iCC35J48kifvznvwnr2Xz9YRbzizTH7Ae/0AsV+YAA==</latexit>

<latexit sha1_base64="9pLeYJ/wQfD4/h0JNtFRzRymi0o=">AAAB/HicdZBNS8MwGMfT+TbnW3VHL8EheBi1HWNuB2HgxeME9wJbKWmWbXFpWpJUKGV+FS8eFPHqB/HmtzHrxlDRB0L+/P7PQ578/YhRqWz708itrW9sbuW3Czu7e/sH5uFRR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+9Grud++JkDTktyqJiBugMacjipHSyDOL3LuDl9AuD8rQOa9kl2eWbKvRaNTrNehYdlZwQar2ipTAslqe+TEYhjgOCFeYISn7jh0pN0VCUczIrDCIJYkQnqIx6WvJUUCkm2bLz+CpJkM4CoU+XMGMfp9IUSBlEvi6M0BqIn97c/iX14/VqO6mlEexIhwvHhrFDKoQzpOAQyoIVizRAmFB9a4QT5BAWOm8CjqE1d//F52K5dQs56ZaalaXceTBMTgBZ8ABF6AJrkELtAEGCXgEz+DFeDCejFfjbdGaM5YzRfCjjPcvdJ2SCQ==</latexit>

nj = 0, 1/2, 1

• Each image type (I, II and III) acquire a different phase shift

<latexit sha1_base64="eLIpDQzsRXdcjQwlCLdWmwTi5/s="></latexit>

F ⇡
X

j

|µj |1/2 exp (i!tj � i⇡nj)
Magnification 
Time delay 
Phase shift

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

type I

type II
type III
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Precise timing
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<latexit sha1_base64="Wv/EzgETjlkSLd3ajVwo6ZWknhU="></latexit>
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Waveform distortions in type II images
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m1 = 10m2 , ◆ = ⇡/3
<latexit sha1_base64="oRKTQj+GaRNLcPZkn2KtnxV1F0w=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXpc60goIIBTcuK9gHdIYhk8m0oUlmTDJCGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5J0gYVdq2v62l5ZXVtfXCRnFza3tnt7S331ZxKjFp4ZjFshsgRRgVpKWpZqSbSIJ4wEgnGF5P/M4DkYrG4k6PEuJx1Bc0ohhpI/mlMvcdeAUd261A7tfcSsW9T1Ho0lgjo7sJPa2blF21p4CLxMlJGeRo+qUvN4xxyonQmCGleo6daC9DUlPMyLjopookCA9Rn/QMFYgT5WXTY8bw2CghjGJpntBwqv6eyBBXasQDk+RID9S8NxH/83qpji68jIok1UTg2aIoZVDHcNIMDKkkWLORIQhLav4K8QBJhLXpr2hKcOZPXiTtWtWpV2u3Z+XGZV5HARyCI3ACHHAOGuAGNEELYPAInsEreLOerBfr3fqYRZesfOYA/IH1+QPr/Zhf</latexit>

• Lensing imprints small but characteristic modifications in the 
signals that cannot be mapped to other astrophysical parameters

Zoom in the shape 
of each image 

[Ezquiaga et al.; PRD’20]

https://arxiv.org/abs/2008.12814
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Look for events with similar  
properties: masses, sky 

positions, spins… 
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Searching for repeated chirps
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Searching for repeated chirps
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<latexit sha1_base64="UMOP1McFQfun2aPBMTKB+BPl88A="></latexit>

Nfalse alarm ⇠ N2

[Çalışkan, Ezquiaga, Hannuksela and Holz; PRD’22]

https://arxiv.org/abs/2201.04619


Fight false alarms: phase consistency
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[Ezquiaga, Hu, Lo; PRD’23]

https://arxiv.org/abs/2308.06616


Fight false alarms: phase consistency
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Wave optics
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�td · !
<latexit sha1_base64="x2mZM3prz+rZZc+qGrmn/C/t4uQ=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQrI69qNF0QS0sFYwKuRD29iZxce/22J0TQkjjX7GxUMTWn2Hnv3ETI6jog4HHezPMzIsyJS0y9u5NTE5Nz8wW5orzC4tLy6WV1QurcyOgIbTS5iriFpRMoYESFVxlBngSKbiMbo6G/uUtGCt1eo69DFoJ76ayIwVHJ7VL6+ExKOQU2zENRayRhjqBLm+Xysyv1dhuUKXM32OsUq05wnYqB9UqDXw2QpmMcdouvYWxFnkCKQrFrW0GLMNWnxuUQsGgGOYWMi5ueBeajqY8Advqjx4Y0C2nxLSjjasU6Uj9PtHnibW9JHKdCcdr+9sbin95zRw7B62+TLMcIRWfizq5oqjpMA0aSwMCVc8RLox0t1JxzQ0X6DIruhC+PqX/k4uKH+z4lbPdcv1wHEeBbJBNsk0Csk/q5ISckgYRZEDuySN58u68B+/Ze/lsnfDGM2vkB7zXDy0rlik=</latexit>

• Time delay scales with the lens mass
<latexit sha1_base64="DzwLhgTDwcdPFGOeTWNkbcNW1fw="></latexit>

�td(y = 1) ' 4

✓
(1 + zL)ML

100M�

◆
ms

[point mass lens]

• GW frequency scales with binary mass (has astrophysical size!)
<latexit sha1_base64="cw2n8/m2R2IW0kYvxG8ROsKPFEQ="></latexit>

f ⇠ 1

2⇡

1

2tSch
⇠ 800Hz

✓
10M�
M

◆

• Wave optics regime:
<latexit sha1_base64="Abtg27EyzmIAVvlaJVwx6j04LPM=">AAACA3icdVDLSitBEO3xdTW+ou500xgEV8OMjjcGNwFduFQwKmRC6OmpxCbd00N3jRCC4MZfceNCEbf3J+7Ov7GTKKjogYLDOVVU1UlyKSwGwas3MTk1PfNndq40v7C4tFxeWT23ujAcGlxLbS4TZkGKDBooUMJlboCpRMJF0jsc+hfXYKzQ2Rn2c2gp1s1ER3CGTmqX1+MjkMgottOYpxpjraDLYitU2C5XAr9WjfarIQ38KIyqu0MSRLW9nRoN/WCESp2McdIu/49TzQsFGXLJrG2GQY6tATMouISbUlxYyBnvsS40Hc2YAtsajH64oVtOSWlHG1cZ0pH6eWLAlLV9lbhOxfDKfveG4k9es8DOfmsgsrxAyPh4UaeQFDUdBkJTYYCj7DvCuBHuVsqvmGEcXWwlF8LHp/R3cr7jh3/96DSq1A/e45glG2STbJOQVEmdHJMT0iCc3JJ78kievDvvwXv2XsatE977zBr5Au/fG4i2mCQ=</latexit>

�td · ! ⇠ 1

• Low-frequency limit has small lensing
<latexit sha1_base64="E4ZNv3X1GewQqHVcrJVC7AN+a/M="></latexit>

! ! 0 ) F ! 1
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Wave optics: diffraction

º 2º 3º 4º
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<latexit sha1_base64="DzwLhgTDwcdPFGOeTWNkbcNW1fw="></latexit>
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E.g. compact (point) lenses
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Searching for distorted lensed GWs
• Highly distorted waveforms could be missed by current searches
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[Chan et al.; 2024]

https://arxiv.org/abs/2411.13058
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False violations of general relativity
• Lensed waveforms can be different from (unlensed) general 

relativity waveforms
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• E.g. type II images 

Modified dispersion relation

[Ezquiaga, et al.; JCAP’22]

https://arxiv.org/abs/2203.13252
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[Xu, Ezquiaga, Holz; ApJ’21] [Lo, Vujeva, Ezquiaga, Chan; 2024]

https://arxiv.org/pdf/2105.14390
https://arxiv.org/abs/2407.17547
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Probing dark matter structures 
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[LISA Cosmo white paper]  

https://arxiv.org/pdf/2204.05434.pdf
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Increased optical depth in wave optics
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[Çalışkan et al.; PRD’23]

https://arxiv.org/abs/2307.06990
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4. Key takeaways  
• Gravitational waves are only altered by gravitational interactions 

with cosmic structures

• Strong lensing may produce repeated chirps. Searching for them is 
difficult, but first detections is around the corner

• Gravitational waves may be diffracted by cosmic structures 
producing distorted waveforms. This is unique!

• Lensed gravitational waves can probe small compact lenses and 
dark matter subhalos

• There are other unique observational signatures as phase shifts in 
type II images
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Gravitational waves are precious cosmological probes: 

• Well understood signals from general relativity  
• Coherent detection of waveform 

• Expansion rate at high redshift H(z) with binary 
black holes mergers 

• Probing origin of the observed black holes and 
dark matter substructures via lensing 

• Future of gravitational wave astronomy is exciting. 
Join us!

jose.ezquiaga@nbi.ku.dk

Conclusions
There are MANY 
other things I did not 
have time to cover:  
• cross correlations 

with other surveys 
• stochastic 

backgrounds 
• neutron star 

equation of state 
• tests of gravity 
• …. 

Muchas gracias!

mailto:jose.ezquiaga@nbi.ku.dk


Join us!
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ezquiaga.github.io/joinus

http://ezquiaga.github.io/joinus

