
Gravitational Wave 
Lensing:  

Current Searches and 
 Future Prospects

Jose María Ezquiaga  
Niels Bohr Institute 

jose.ezquiaga@nbi.ku.dk 
ezquiaga.github.io

[Gustav Klimt]

mailto:jose.ezquiaga@nbi.ku.dk
http://ezquiaga.github.io
https://en.wikipedia.org/wiki/Gustav_Klimt#/media/File:Preparatory_design_-_Klimt_-_Stoclet_Palace.jpg


2

Gravitational waves are new cosmic messengers



3[First detection, GW150914]

Gravitational waves from stellar-mass binary black holes
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https://www.ligo.org/science/Publication-GW150914CBC/index.php


Gravitational Wave horizons
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binary black holes
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[Hanford, US] [Livingston, US] [Virgo, Italy] [KAGRA, Japan]

The era of gravitational wave astronomy is here!
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The era of gravitational wave astronomy is here!
~100 events: BBH, BNS, NSBH

8



https://gracedb.ligo.org/superevents/public/O4/#
O4 is happening!

The Universe
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+160 candidates
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Gravitational wave lensing:  
First detection approaching, expanding horizons 
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The plan 
0. Motivation: gravity, astrophysics, cosmology

1. Gravitational waves are Standard Sirens 
Waveforms from first principles, understood selection 
function   

2. A crash-course on gravitational lensing  
The diffraction integral, stationary phase approximation, repeated 
gravitational wave chirps 

3. Current searches 
Multiple chirps, distorted waveforms, type II events, highly magnified 
gravitational waves

4. Future prospects  
Substructure, multi-messenger & wave optics, source & lens 
populations, false violations of general relativity 

[ezquiaga.github.io/slides/
ezquiaga_vienna_24.pdf]

[this is an overview. 
Ask the experts in the 
room!]

http://ezquiaga.github.io/slides/ezquiaga_vienna_24.pdf


1. Gravitational waves are 
standard sirens
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Gravitational waves are standard sirens

[general relativity predicts waveform] 
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[cosmo propagation] 

<latexit sha1_base64="z5Kb32eykXboNMG3E9L++5VgcEU="></latexit>

hc(tobs) ⇠
M5/3

z f2/3
obs

dgwL
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[well understood detectability] 

[cosmo propagation] 
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Gravitational waves are standard sirens

[general relativity predicts waveform] 

[well understood detectability] 

<latexit sha1_base64="ww1EJy5y/nRL5KS+5fU147rgpAM=">AAAB7XicdVDLSsNAFL2pr1pfVZduBotQNyGR+toV3LhwUcE+oA1lMpm0o5NJmJkINfQf3LhQxK3/486/cdIW8XngwuGce7n3Hj/hTGnHebcKc/MLi0vF5dLK6tr6Rnlzq6XiVBLaJDGPZcfHinImaFMzzWknkRRHPqdt/+Ys99u3VCoWiys9SqgX4YFgISNYG6kV9C+qd/v9csWxT3McItd2JvhNKnWYotEvv/WCmKQRFZpwrFTXdRLtZVhqRjgdl3qpogkmN3hAu4YKHFHlZZNrx2jPKAEKY2lKaDRRv05kOFJqFPmmM8J6qH56ufiX1011eOJlTCSppoJMF4UpRzpG+esoYJISzUeGYCKZuRWRIZaYaBNQyYTw/++fpHVgu0d27bJWqddmcRRhB3ahCi4cQx3OoQFNIHAN9/AIT1ZsPVjP1su0tWDNZrbhG6zXD19pjv8=</latexit>

dL(z)

[GW Hubble diagram] 

<latexit sha1_base64="TwtYQskidY96rjvOCxh4vOtayas=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQEcqM1NdCKLhxWcE+oB2GTCbThiaZIckIdSj4K25cKOLW73Dn35hpi/g8EDiccy/35AQJo0o7zrs1Mzs3v7BYWCour6yurdsbm00VpxKTBo5ZLNsBUoRRQRqaakbaiSSIB4y0gsFF7rduiFQ0Ftd6mBCPo56gEcVIG8m3t7nf5Uj3Jc9CokfnZffgdp/7dsmpnOU4gm7FGeM3KdXABHXffuuGMU45ERozpFTHdRLtZUhqihkZFbupIgnCA9QjHUMF4kR52Tj+CO4ZJYRRLM0TGo7VrxsZ4koNeWAm86jqp5eLf3mdVEenXkZFkmoi8ORQlDKoY5h3AUMqCdZsaAjCkpqsEPeRRFibxoqmhP///kmahxX3uFK9qpZq1WkdBbADdkEZuOAE1MAlqIMGwCAD9+ARPFl31oP1bL1MRmes6c4W+Abr9QM0P5Wj</latexit>

mdet = (1 + z)m

[Interplay with astrophysics] 

[cosmo propagation] 

“chirp”

amplitude
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Gravitational waves are only altered by 
gravitational interactions with cosmic structures



2. A crash-course on 
gravitational lensing
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Gravitational lensing - 
electromagnetic spectrum

[arcs and rings][multiple images]

HE0435-1223 LRG 3-757



Gravitational lensing
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• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

• We want to make a mapping between the source and the observer 
through the lens

[source] 

[lens] 

[observer] 

For more details see: ezquiaga.github.io/lectures/Lecture_Notes.pdf

https://ezquiaga.github.io/lectures/Lecture_Notes.pdf


Gravitational lensing
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• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

• Cosmological background + gravitational potential
<latexit sha1_base64="5RIXUFQ+Lk3jlBuVIyaa0lYbW/Y="></latexit>

ds2 = a(⌘)2
�
�(1 + 2�)d⌘2 + (1� 2�)d~x2

�

• Focus on weak-field limit
<latexit sha1_base64="jy7uSE4/pgq2XcgO8JTVgpV4tYg=">AAACG3icjVC7SgNBFJ2NrxhfUUubwSBYxWwIaiUBG8uI5gHZEGYnN8mQmdll5q4Ylv0PG3/FxkIRK8HCv3HzKFQUPDBwOOfeO4fjh1JYLJU+nMzC4tLySnY1t7a+sbmV395p2CAyHOo8kIFp+cyCFBrqKFBCKzTAlC+h6Y/OJ37zBowVgb7GcQgdxQZa9AVnmErdfNlDuMXpnXhgAHQSe7WhSDwrFDVdTzEcGhVf8WFyZKgnJXW7+YJbLE1B/yaFKpmh1s2/eb2ARwo0csmsbbulEDsxMyi4hCTnRRZCxkdsAO2UaqbAduJppoQepEqP9gOTPo10qn7diJmydqz8dHKS1f70JuJvXjvC/mknFjqMEDSffdSPJMWAToqiPWGAoxynhHEj0qyUD5lhHNM6c/8roVEuusfFymWlUD2b15Ele2SfHBKXnJAquSA1Uiec3JEH8kSenXvn0XlxXmejGWe+s0u+wXn/BMuOonw=</latexit>

� ⇠ rSch/r ⌧ 1

• Equations simplify, same propagation for both polarizations
<latexit sha1_base64="dzstsv35B26SIrMBXtjVu81vcFw="></latexit>

r2hA � (1� 4�)@2
0hA = 0

[see Cusin’s and 
Motohashi’s talks 
for spin effects]



Gravitational lensing
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• Within weak-gravity, solve in Fourier space:

• For cosmological lenses, impose thin lens approximation.

<latexit sha1_base64="aFnPMOK7eDGNVQL+3irC8G2l0As="></latexit>�
r2 + !2

�
h̃A = 4�!2h̃A

<latexit sha1_base64="g8rE/kBjzNIzi/JBPUAnWn1rIjs=">AAACDXicjVC5SgNRFH0Ttxi3UUubwShYSJiRoFYSMIVFirhkgSQMb17uJI+8WXjvjhqG+QEbf8XGQhFbezv/xslSqCh44MLhnLtxnFBwhab5oWVmZufmF7KLuaXlldU1fX2jroJIMqixQASy6VAFgvtQQ44CmqEE6jkCGs7gdOQ3rkEqHvhXOAyh49Gez13OKKaSre9c2JU2wi2OV8VDECK4SeK2EEnZruyX7bhymdh63iqYYxh/k3yJTFC19fd2N2CRBz4yQZVqWWaInZhK5ExAkmtHCkLKBrQHrZT61APViccvJMZuqnQNN5Bp+WiM1a8TMfWUGnpO2ulR7Kuf3kj8zWtF6B53Yu6HEYLPJofcSBgYGKNojC6XwFAMU0KZ5OmvButTSRmmAeb+F0L9oGAdFornxXzpZBpHlmyRbbJHLHJESuSMVEmNMHJHHsgTedbutUftRXudtGa06cwm+Qbt7RPNapyt</latexit>

RL⌧DL, DLS

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

<latexit sha1_base64="mTA/gEXsYmWCBsZKYPd2q4nWh4w="></latexit>

~x ⌘ ~✓/✓⇤ , ~y ⌘ ~✓S/✓⇤ , w ⌘ ⌧D✓2⇤!
<latexit sha1_base64="dHiI6516A4rjcnjaoJiVbP9UtbM="></latexit>

⌧D ⌘ (1 + zL)DLDS/cDLS

<latexit sha1_base64="vw3Uzthtiv+eSuC1MSJINBsIiX0="></latexit>

Td ⌘ td/⌧D✓2⇤

[Dimensionless variables] 

<latexit sha1_base64="pVd6RYLMRBjxhKukWmp3oS1P+NE="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]

• Integral solution:



Gravitational lensing
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<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

<latexit sha1_base64="pVd6RYLMRBjxhKukWmp3oS1P+NE="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]



Stationary Phase Approximation
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• Solve integral in the limit of highly oscillatory integrand
<latexit sha1_base64="xfmXjJ8LdM4xne4oCD3C2FPlfv4="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]

• Stationary points define the images:

<latexit sha1_base64="ZuC+hkU8dp7oJbzEuxbpmW5h/O4="></latexit>

Td(~✓) ⇡ Td(~✓j) +
1

2

2X

(a,b)=1

�✓a�✓b
@2Td(~✓j)

@✓a@✓b
+ · · ·

<latexit sha1_base64="F+Z3mEjVFmMBY2/JEkkC2RxEWVo="></latexit>

@td
@✓a

����
~✓=~✓j

= 0

<latexit sha1_base64="F55mAQNCnng2ACahVbDGDpi/fWc=">AAACGXicdVDLSgMxFM34tr6qLt0Eq1A3dUZ8LoSCG5cKVoVOGTLprY1NZobkjlCG/oYbf8WNC0Vc6sq/MdOKbw8EDuecS+49YSKFQdd9dYaGR0bHxicmC1PTM7NzxfmFUxOnmkONxzLW5yEzIEUENRQo4TzRwFQo4SzsHOT+2RVoI+LoBLsJNBS7iERLcIZWCoqur9Kyj21AFlyu0X3qrfuKYVurrAnYK58EGQt7n4m1oFhyK3s5tqhXcfv4TUpVMsBRUHz2mzFPFUTIJTOm7rkJNjKmUXAJvYKfGkgY77ALqFsaMQWmkfUv69FVqzRpK9b2RUj76teJjCljuiq0yXxr89PLxb+8eoqt3UYmoiRFiPjgo1YqKcY0r4k2hQaOsmsJ41rYXSlvM8042jILtoT/b/8gpxsVb7uyebxZqq681zFBlsgyKROP7JAqOSRHpEY4uSa35J48ODfOnfPoPA2iQ877zCL5BuflDX7sn/Y=</latexit>

µ(✓j) = 1/det(Tab(✓j))
<latexit sha1_base64="UhDMVNvow1U18dIy/NGohOWiLE0="></latexit>

Tab ⌘ ⌧�1
D @2td/@✓a@✓b

• Hessian matrix determines magnifications



Multiple chirps
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�td · ! � 1
<latexit sha1_base64="OcmHjIC/pgVwKtDhFvqPEoLzi+k=">AAACBnicdVA9SwNBEN3z2/gVtRRhMQhWx17UaDpRC0sFo0IuhL29ybm4d3vszgkhWNn4V2wsFLH1N9j5b9zECCr6YODx3gwz86JcSYuMvXsjo2PjE5NT06WZ2bn5hfLi0pnVhRHQEFppcxFxC0pm0ECJCi5yAzyNFJxHVwd9//wajJU6O8VuDq2UJ5nsSMHRSe3yangICjnFdkxDEWukoU4h4TRMEhq0yxXm1+tsK6hR5m8zVq3VHWGb1d1ajQY+G6BChjhul9/CWIsihQyF4tY2A5Zjq8cNSqHgphQWFnIurngCTUcznoJt9QZv3NB1p8S0o42rDOlA/T7R46m13TRynSnHS/vb64t/ec0CO7utnszyAiETn4s6haKoaT8TGksDAlXXES6MdLdScckNF+iSK7kQvj6l/5Ozqh9s+tWTrcre/jCOKbJC1sgGCcgO2SNH5Jg0iCC35J48kifvznvwnr2Xz9YRbzizTH7Ae/0AsV+YAA==</latexit>

<latexit sha1_base64="9pLeYJ/wQfD4/h0JNtFRzRymi0o=">AAAB/HicdZBNS8MwGMfT+TbnW3VHL8EheBi1HWNuB2HgxeME9wJbKWmWbXFpWpJUKGV+FS8eFPHqB/HmtzHrxlDRB0L+/P7PQ578/YhRqWz708itrW9sbuW3Czu7e/sH5uFRR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+9Grud++JkDTktyqJiBugMacjipHSyDOL3LuDl9AuD8rQOa9kl2eWbKvRaNTrNehYdlZwQar2ipTAslqe+TEYhjgOCFeYISn7jh0pN0VCUczIrDCIJYkQnqIx6WvJUUCkm2bLz+CpJkM4CoU+XMGMfp9IUSBlEvi6M0BqIn97c/iX14/VqO6mlEexIhwvHhrFDKoQzpOAQyoIVizRAmFB9a4QT5BAWOm8CjqE1d//F52K5dQs56ZaalaXceTBMTgBZ8ABF6AJrkELtAEGCXgEz+DFeDCejFfjbdGaM5YzRfCjjPcvdJ2SCQ==</latexit>

nj = 0, 1/2, 1

• Lensed signals acquire a different phase shift

<latexit sha1_base64="eLIpDQzsRXdcjQwlCLdWmwTi5/s="></latexit>

F ⇡
X

j

|µj |1/2 exp (i!tj � i⇡nj)
Magnification 
Time delay 
Phase shift

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

type I

type II
type III

[image][source]



3. Current searches



Repeated chirps due to strong lensing

Waveform distortions by substructures

Source Lens Detector

Gravitational lensing - 
gravitational wave spectrum

27



Repeated chirps due to strong lensing

<latexit sha1_base64="EzYeo0P7b2D9lgE6mMQn/45NO/M=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp6kYpuHFZwT6gjWEymbRjZyZhZiKU0LUbf8WNC0Xc+gXu/BsnbRe29cCFwzn3cu89QcKo0o7zYxWWlldW14rrpY3Nre0de3evqeJUYtLAMYtlO0CKMCpIQ1PNSDuRBPGAkVYwuM791iORisbiTg8T4nHUEzSiGGkj+fYhv3/wuxzpvuRZSPQIXkI+I/h22ak4Y8BF4k5JuQYmqPv2dzeMccqJ0JghpTquk2gvQ1JTzMio1E0VSRAeoB7pGCoQJ8rLxq+M4LFRQhjF0pTQcKz+ncgQV2rIA9OZ36jmvVz8z+ukOrrwMiqSVBOBJ4uilEEdwzwXGFJJsGZDQxCW1NwKcR9JhLVJr2RCcOdfXiTN04p7VqneVsu1q2kcRXAAjsAJcME5qIEbUAcNgMETeAFv4N16tl6tD+tz0lqwpjP7YAbW1y9BT5tL</latexit>

mj
det = mdet

<latexit sha1_base64="MDMUYv5krRV/ODlXezS9uhkkMVU=">AAACKnicbVDLSgNBEJz1bXxFPXoZDIIghF0J6kWJ6MGjgkmEbAyzk944yezsMtMrhmW/x4u/4sWDIl79ECePg6+ChqKqm+6uIJHCoOu+O1PTM7Nz8wuLhaXlldW14vpG3cSp5lDjsYz1TcAMSKGghgIl3CQaWBRIaAT9s6HfuAdtRKyucZBAK2JdJULBGVqpXTzFth8xvNNRpiHMb3v0mP6U9nyEBxxtyroaQOWZfw4Sme3LenneLpbcsjsC/Uu8CSlVyRiX7eKL34l5GoFCLpkxTc9NsJUxjYJLyAt+aiBhvM+60LRUsQhMKxsdkNMdq3RoGGtbCulI/T6RsciYQRTYzuEP5rc3FP/zmimGR61MqCRFUHy8KEwlxZgOc6MdoYGjHFjCuBb2VsrvmGYcbboFG4L3++W/pL5f9g7KlatKqXoyiWOBbJFtsks8ckiq5IJckhrh5JE8k1fy5jw5L8678zFunXImM5vkB5zPLzCxqaA=</latexit>

tjref = tref +�tj

<latexit sha1_base64="efCkWdVPDsDv3WdV2gvbFrQI6fk=">AAACFXicbVC7TsMwFHV4lvIKMLJYVEgMqCSoAhZQJRYGhiJRqNSEyHFdMDhOsG8QVZqfYOFXWBhAiBWJjb/BfQxQOJLlo3Puvb4+YSK4Bsf5ssbGJyanpgszxdm5+YVFe2n5TMepoqxOYxGrRkg0E1yyOnAQrJEoRqJQsPPw5rDnn98xpXksT6GTMD8il5K3OSVgpMDebAXHF9d4H5t7ywN2D/2ZGe0QmWeevlWQdb0oDa67eR7YJafs9IH/EndISlU0QC2wP71WTNOISaCCaN10nQT8jCjgVLC86KWaJYTekEvWNFSSiGk/62+Q43WjtHA7VuZIwH31Z0dGIq07UWgqIwJXetTrif95zRTae37GZZICk3TwUDsVGGLciwi3uGIURMcQQhU3u2J6RRShYIIsmhDc0S//JWfbZXenXDmplKoHwzgKaBWtoQ3kol1URUeohuqIogf0hF7Qq/VoPVtv1vugdMwa9qygX7A+vgEx4aAy</latexit>

djL = dL/
q

|µj |

<latexit sha1_base64="CgL23iStrdP676lhlbOlowbXhf0=">AAACJXicbVDJSgNBEO1xjXGLevQyGAQvxpkQ1INKwIvHCGaBTAw9nZqkTc9Cd40YhvkZL/6KFw8GETz5K3aWgyY+aHj1qopX/dxIcIWW9WUsLC4tr6xm1rLrG5tb27md3ZoKY8mgykIRyoZLFQgeQBU5CmhEEqjvCqi7/etRv/4IUvEwuMNBBC2fdgPucUZRS+3chRP1eNvxKfakn0jw0vuHyznt2EF4wrGbrjtp4kT8pJi2c3mrYI1hzhN7SvJlMkGlnRs6nZDFPgTIBFWqaVsRthIqkTMBadaJFUSU9WkXmpoG1AfVSsa+qXmolY7phVK/AM2x+nsjob5SA9/Vk6PT1WxvJP7Xa8bonbcSHkQxQsAmRl4sTAzNUWRmh0tgKAaaUCa5vtVkPSopQx1sVodgz355ntSKBfu0ULot5ctX0zgyZJ8ckCNikzNSJjekQqqEkWfySt7J0Hgx3owP43MyumBMd/bIHxjfP1iXp6c=</latexit>

�j
ref = �ref � ⇡/2

• The properties of the j-th chirp

• If not identified as lensed, a magnified events appears closer and 
more massive <latexit sha1_base64="SeER7xcwo/+84I7i5wKNNPz234s=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VoEWoiRd0oBTcuXFSwD2jTMJlM22lnkjAzEWrIX7jxV9y4UMSt7vwbpw9QWw9cOJxzL/fe44aMSmWaX0ZqYXFpeSW9mllb39jcym7v1GQQCUyqOGCBaLhIEkZ9UlVUMdIIBUHcZaTuDi5Hfv2OCEkD/1YNQ2Jz1PVph2KktORki9xpcaR6gsdS4KTdh+fwR/KISo7y1uF93nOu2/1CwcnmzKI5Bpwn1pTkymCCipP9bHkBjjjxFWZIyqZlhsqOkVAUM5JkWpEkIcID1CVNTX3EibTj8V8JPNCKBzuB0OUrOFZ/T8SISznkru4cHSxnvZH4n9eMVOfMjqkfRor4eLKoEzGoAjgKCXpUEKzYUBOEBdW3QtxDAmGlo8zoEKzZl+dJ7bhonRRLN6Vc+WIaRxrsgX2QBxY4BWVwBSqgCjB4AE/gBbwaj8az8Wa8T1pTxnRmF/yB8fENQmafVg==</latexit>

mj
src = mdet/(1 + z(djL)) [see Chen’s talk]

28



29

°2

°1

0

1

2

S
tr

ai
n

[£
10

22
]

q = 0.1, ∂ = 0.0

Unlensed Lensed ¢√lm, Alm ¢'c = º/4 ¢√22, A22 Type I (no µ) at t+ Type II (no µ) at t°

°0.4 °0.2 0.0 0.2 0.4
¢t [s]

°2

°1

0

1

2

S
tr

ai
n

[£
10

22
]

q = 0.1, ∂ = º/3.0

°0.10 °0.08 °0.06 °0.04 °0.02 0.00 0.02
¢t [s]

Repeated, coherent signals



30

Precise timing

°5 0 5 10

tarrival ° htarrivali [ms]

0.000

0.025

0.050

0.075

0.100

0.125



31

90± 0±

30±

60±

0±

°30±

°60±

°30±

0±

Lensed Image 1
Lensed Image 2

Poor sky localization
✓E ⇠ 100

s
M

1012M�

r
1Gpc

D
<latexit sha1_base64="Wv/EzgETjlkSLd3ajVwo6ZWknhU="></latexit>



32

Look for events with similar  
properties: masses, sky 

positions, spins… 
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Searching for repeated chirps
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Searching for repeated chirps: false alarms
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Nfalse alarm ⇠ N2

[Çalışkan, Ezquiaga, Hannuksela and Holz; PRD’22]

https://arxiv.org/abs/2201.04619


• Compute the posterior 
overlap

34

Searching for repeated chirps
• Given the large number of pairs, need quick methods to identify 

promising pairs

[see Li’s talk]

[Haris et al.; 2018] [LVK lensing GWTC-3]

• Use machine learning (ML) 
summary statistic

FPP= false-positive probability

[Goyal et al.; 2021]

https://arxiv.org/abs/1807.07062
https://www.ligo.org/science/Publication-O3bLensing/index.php
https://arxiv.org/abs/2106.12466


Fight false alarms: phase consistency
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[Ezquiaga, Hu, Lo; PRD’23] 35

https://arxiv.org/abs/2308.06616


Fight false alarms: phase consistency
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https://arxiv.org/abs/2308.06616


[Lo & Magaña; hanabi]37[Janquart et al.; golum]

• Infer the parameters of the source under the lensing hypothesis 
using data from multiple events

Joint parameter estimation

• Allows for Bayesian model 
comparison  
• Measure consistency of 

events: coherence ratio 
(CLU) 

• With source/lens 
populations priors, 
compute Bayes factor 
(BLU)

• This is in principle all we need, but… 
computationally costly … astro priors ..

https://arxiv.org/abs/2308.06616
https://arxiv.org/abs/2308.06616


[Li, Chan et al.; tesla] 38

• Demagnified events could be under the noise (sub-threshold event)

Sub-threshold searches

• Targeted searches following super-threshold events reduce template bank 
and increase sensitivity 

https://arxiv.org/abs/2311.06416


[LVK lensing GWTC-2] 39

GWTC-3 results

[LVK lensing GWTC-3]

• No evidence of repeated chirps in the data

https://www.ligo.org/science/Publication-O3aLensing/
https://www.ligo.org/science/Publication-O3bLensing/index.php


[LVK lensing GWTC-2] 40

GWTC-3 results

[LVK lensing GWTC-3]

• Upper bound on binary black hole merger rate
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Constrained by lensing and 
stochastic background

Constrained by 
individual events

https://www.ligo.org/science/Publication-O3aLensing/
https://www.ligo.org/science/Publication-O3bLensing/index.php


Phase shifts & higher modes 
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• A gravitational wave is a superposition of frequency modes
<latexit sha1_base64="oaLilhGyVuCz8e3WjSV2tvnup2s="></latexit>

h =
X

`,m�0

A`m cos[m(⌦�t+ 'c)� �`m]

• A lensed signal of type I has different amplitude and arrival time
<latexit sha1_base64="23TI6PPd3E132uKidrgjDpzUTnM="></latexit>

hI =
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• A lensed signal of type II has also a phase shift
<latexit sha1_base64="jpA0mTlnCoM8Yw2izLx6IaIo8YA="></latexit>

hII =
X

`,m�0

|µII|1/2A`m cos
h
m (⌦�tII + 'c)� �`m +

⇡

2

i

[Ezquiaga et al.; PRD’20][Dai & Venumadhav; 2017]

https://arxiv.org/abs/2008.12814
https://arxiv.org/abs/1702.04724
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Waveform distortions in type II images
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• Lensing imprints small but characteristic modifications in the 
signals that cannot be mapped to other astrophysical parameters

Zoom in the shape 
of each image 

[Ezquiaga et al.; PRD’20]

https://arxiv.org/abs/2008.12814


Caustics
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• For point sources, there are singular points in the lens mapping
<latexit sha1_base64="iUvWA+uOj7PXXgfjO6qq0MjAVXE="></latexit>
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• Caustics exhibit universal behaviors (described by catastrophe 
theory)

<latexit sha1_base64="Fr4usc3N6T65hGtoP0ul9dKKRk8="></latexit>
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• SPA is broken when approaching to a caustic

• Maximum magnification set by diffraction
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[Lo, Vujeva, Ezquiaga, Chan; 2024]

Luka Vujeva (NBI)Luka Vujeva (NBI)

Approaching a (fold) caustic

https://arxiv.org/abs/2407.17547
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Highly magnified, overlapping 
signals

https://arxiv.org/abs/2407.17547


Wave optics

46

�td · !
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• Time delay scales with the lens mass
<latexit sha1_base64="DzwLhgTDwcdPFGOeTWNkbcNW1fw="></latexit>
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[point mass lens]

• GW frequency scales with binary mass (has astrophysical size!)
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• Low-frequency limit has small lensing
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Wave optics: diffraction
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E.g. compact (point) lenses

• Most lens models require solving the diffraction integral 
numerically. Great recent progress [see Villarubia-Rojo’s talk] 

[see Ubach’s talk]
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Parameter estimation of lensed signals
• Include lensed parameters in the inference

[Wright & Hendry; gravelamps]• Requires efficient models 
for the computation of the 
amplification function.

• Allows to make Bayesian 
model comparison (BLU)

• Addressing possible 
waveform systematics and 
noise artifacts is crucial!

[Janquart et al.; MNRAS’23]

https://www.ligo.org/science/Publication-O3aLensing/
https://arxiv.org/abs/2306.03827
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GWTC-3 results
• No evidence of distorted waveforms by lensing (“microlensing”) 

[LVK lensing GWTC-2] [LVK lensing GWTC-3]

https://www.ligo.org/science/Publication-O3aLensing/
https://www.ligo.org/science/Publication-O3bLensing/index.php
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GWTC-3 results
• Upper bound fraction of compact lenses (w.r.t. dark matter)

[LVK lensing GWTC-2] [LVK lensing GWTC-3]

https://www.ligo.org/science/Publication-O3aLensing/
https://www.ligo.org/science/Publication-O3bLensing/index.php
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Searching for lensed GWs
• Distorted waveforms could be missed by current searches!
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[Chan et al.; 2024]

Juno Chan (NBI)

https://arxiv.org/abs/2411.13058


4. Future prospects
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Substructures
• Gravitational waves are effectively point sources. They are very 

sensitive to small scales

[Singular Isothermal Sphere] [Hubble Space Telescope]

v.s.

https://en.wikipedia.org/wiki/Singular_isothermal_sphere_profile
https://science.nasa.gov/mission/hubble/science/universe-uncovered/hubble-galaxies/
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Substructures - clusters
Luka Vujeva (NBI)Luka Vujeva (NBI)

[Vujeva, Ezquiaga, Lo, Chan; to appear]
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Substructures - clusters
Luka Vujeva (NBI)Luka Vujeva (NBI)
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[Vujeva, Ezquiaga, Lo, Chan; to appear]

• In real clusters, relative magnifications and time delays       
change dramatically compared to singular isothermal sphere (SIS)
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Substructures - subhalos
• Dark matter halos are made of smaller halos

[see Goyal’s talk]
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• Gravitational waves could interfere! 

10°3 10°2

Frequency [Hz]

10°19

G
W

am
pl

it
ud

e

magnification
onset (w ª 1)

diÆraction pattern

Unlensed signal 105MØ, q = 1

lensed signal ML = 2·108MØ, b = 2RE

LISA sensitivity

[LISA Cosmo white paper]  

https://arxiv.org/pdf/2204.05434.pdf
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Substructures - subhalos
• Sensitive to lensing beyond the Einstein radius!
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Einstein radius

Redshifted lens mass
[Çalışkan et al.; PRD’23]

https://arxiv.org/abs/2307.06990
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[Lo, Vujeva, Ezquiaga, Chan; 2024]

Highly magnified gravitational waves
• Substructures can enhance high magnification tail 

0 20 40 60 80 100 120
µ

10°3

10°2

10°1

P
D

F

SIS

Abell 2390

Abell 370

El Gordo

[Vujeva, Ezquiaga, Lo, Chan; to appear]

• Even more sensitive to small lenses close to the caustics!

https://arxiv.org/abs/2407.17547
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Multi-messenger lensing
• Observe multi-messenger lensed events, e.g. binary neutron stars 

with ground-based or super-massive black hole binaries with LISA

[see Smith’s talk]

[Credit: D. Berry]

• Great target for future detectors!

• Will open many science cases



61

Multi-messenger lensing & wave optics
• Gravitational waves and photons could suffer lensing in different regimes

[Ezquiaga, Hu and Lagos; PRD’20]
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• Phase and group velocity may change in wave optics
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https://arxiv.org/abs/2005.10702
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Multi-messenger lensing & wave optics

• There is an apparent superluminality due to the waveform distortions

[Ezquiaga, Hu and Lagos; PRD’20]
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Luka Vujeva (NBI)Luka Vujeva (NBI)
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Multi-messenger lensing
• Cross match GWs with lens catalogs Rico Lo (NBI)

https://github.com/lenscat/lenscat 

• Identify lensed host galaxy (difficult!)  

• Watchlist for efficient lenses
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GW lensing with next-generation detectors
• Large number of detections enable statistical studies
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[Xu, Ezquiaga, Holz; ApJ’21]

Populations & Cosmology
• Rates and time delay distributions inform about populations 

• If you know the source and lens populations, rates and time delay 
distributions inform about cosmology [see Ajith’s talk] 
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https://arxiv.org/pdf/2105.14390
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False violations of general relativity
• Lensed waveforms can be different from (unlensed) general 

relativity waveforms

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Æ

0.00

0.05

0.10

0.15

¢
¬

2
/Ω

2

Group velocity

Particle velocity

Mz = 37.5MØ

Mz = 18.75MØ

G
oo

dn
es

s 
of

 fi
t

GR fit

MG fit

• E.g. type II images 

Modified dispersion relation

[Ezquiaga, et al.; JCAP’22]
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Gravitational waves are precious cosmological 
probes: 
• Well understood signals from general relativity  
• Coherent detection of waveform 
• Only distorted by gravitational lensing  

• Current searches focus on repeated chirps and 
distorted waveforms 

• No evidence so far, but first detections is 
approaching! 

• Probing origin of the observed black holes and 
dark matter substructures with gravitational 
wave lensing

jose.ezquiaga@nbi.ku.dk

Conclusions

mailto:jose.ezquiaga@nbi.ku.dk
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ezquiaga.github.io/joinus

http://ezquiaga.github.io/joinus

